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SYNCHROTRON-UNDULATOR RADIATION IN A NON-UNIFORM
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Abstract. A study is made of a charged particle radiation in a non-uniform magnetic field under the condi-
tions when the particle motion trajectory is a curved helix. We consider the case when a pitch angle is less
than the reversed value of the relativistic factor. The spectral and angular distribution of the radiation con-
sists of two components separated in frequency. One component is a curvature radiation, and another
shows the properties common with undulator radiation.

1. Introduction

As is well known, a radiation spectrum of relativistic charged particles in a magnetic field depends on
the anglea between the direction of the particle velocity vector and a line tangent to the field line [1]. If the

angle is much greater than the reversed relativistic fayt_dlr: V1- ,32 , where 8= ulc is the particle ve-
locity, then the radiation spectrum has a synchrotron nature, i.e., the peak falls on high harmonics. If the an-

gle is much less thauil, then the undulator-type radiation is generated, i.e., the first harmonic is chiefly ra-
diated, and the radiation polarization is almost completely circular. As a rule, in analyzing the relativistic
particle radiation in space magnetic fields, the radiation spectrum is assumed to have either a synchrotron or
undulator nature (see, e.g., [12]). Meanwhile, the magnetic field lines are commonly curved, consequently, a
particle moves along the curvilinear helix, the axis of which, exact to the Alfven drift, coincides with the
magnetic field line. Then three different types of radiation can be distinguished: the synchrotron radiation

dependent on the helix radius; the undulator radiation wjiéaa, and the so-called curvature radiation,
which is due to the particle motion on the average along the circle arc. Its radius equals the local radius of the

field line curvature. An area of small angles exists between extreme values of thedaniglevhich both the
undulator mechanism of radiation and the curvature radiation play a substantial rdtetf8} present paper
we discuss the properties of such mixed radiation.

2. Discussion

Let a relativistic charged particle move in a non-uniform magnetic field. Assume that the size of tile
trajectory area from which tile particle radiates In the given direction is much less than the local curvature
radius of the magnetic field line. The charge of the curvature radius within the particle trajectory may be ne-
glected. Then the field line in the space area under consideration can be replaced by the circle arc, the radius

of which is designatedb p, and the magnetic intensitH can be approximated by function

H=H,/ x? - y2 . Here the axig of Cartesian coordinates is orthogonal to the plane locally in contact

with the magnetic field line. The solution of the equation of motion in such a field in a small oscillation ap-
proximation can be written as

x =[p+rsin(c,t - ¢)]cosa,t,
y =[p+rsin(wt - @)sinw,t, (1)
z=u,t-rcodw,t - @),

where @is the arbitrary initial phase. We take the coordinate origin to be In the local center of the field line
curvature. The motion defined by equations (1) is a superposition of three motions: namely the rotation along

the circle, with a radius«p in a plane containing tha-axis; the motion along the circle, with a large radius
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0, around thez-axis, and a slow Alfven drift towards tilz-axis, which is related to the magnetic field non-
uniformity. The velocity of this drift is derived from the generally known formula [1]:

1

Uy = —{Ué +EU ﬂ where Uy and v || we defined by the initial conditions and are, correspond-
2y

ingly, the particle velocity components orthogonal and tangent to tile field line. Frequescieg and the

radius of helixr are determined by equalities:

eH Y, vomey
w,=—, r=———,

: : 2
“mey’ Y p eH @

Herec andm are the charge and mass of a particle, respectively, H is the magnetic intensity module,
which is considered to be constant in the neighborhood of the trajectdasythe speed of light. The angle

between the velocity vector and the line tangent to the magnetic field line is taken to be much Ieﬁé,than
i.e.

=Ty<1 ©)
Yi

In the theory of the undulator radiation the paraméteietermines the shape of radiation spectrum.
When tile condition (3) is satisfied, only the first harmonic is generated. With increlding radiation in-
creases at multiple frequencies (see, e.qg. [4]).

Close by zero timé=0 the radiation is generated as a narrow cone in the neighborhood of the positive
direction of thez-axis. Generally speaking, the spectral-angular distribution of radiation is not axial - sym-
metrical with respect to the-axis. When turning round theaxis, it is repeated through the anglea)/as.

This angle is assumed to be much less than an opening of the radiatioufﬂ:dmt N=apyap. ThenN»1.
The valueN coincides in an order of magnitude with tile number of revolutions, which the particle manages
to make over the radiation time in the given directionlf N »1, the radiation can be regarded as axial-
symmetrical. In this case, witholaw of generality, one can calculate a unit vector directed to all observer
arid lying in theyzplane.

A = (0,cosy,sinx),x (1.

Single unit vectors of polarization components are found by the following way:
e, =(~100).e, =[e, n|=(0,sin ¥~ cos)

Spectral expansion of the radiation field can be presented as [1]

E. (w)= %)e'm _IOO,BJ. (t)e'(““" at, j=o,m, (4)
whereR s the distance between the charge and tile obsed;/er-,ﬁa)/ C is the undulator vector, antl is
the particle radius-vector. The radiation in the directforis generated during the time of an order of
Qtly™.

This allows us to expand the trigonometric functions with argunegiinto a row. Keeping terms to
the 3° order of smallness foegt, ¥ andr/p, we find

— 1/ _ )
(01 —kr )= 0{5 (r2+ Xz)-LpSIn(wot -9)- /J’dr)(} + Lpa»(COS(wot - 9) (5)

Let us estimate the order of magnitude of terms ill the last expression. As is shown later, the nature of
radiation depends on the frequency adarelation. The characteristic frequency of radiation generated due
to the synchrotron mechanism lies in the neighborhoodg@ﬁ;,f, and the characteristic frequency of the
undulator radiation makes up the value of an orderqf Zw)?. The undulator frequency is much greater
than the synchrotron frequency, as predicted, fa¢ ca,/N. Terms with amplitude of gt /o andrwy /c: in

expression (5) have the same order of magnitude, which is equalite y/c 7k «1 at an undulator fre-
guency Thus, these terms can be neglected at frequencies characteristic of the undulator radiation, and all the

Tpyzsr ®OPA, Ne5, 2000r. © 20000 wm3uueckoe Odmectso PA



Synhrotron-undulator radiation in a non-uniform magnetic field 109

more at frequencies of the synchrotron radiation. We shall introduce a desigyatign— S and consider
that in an ultra-relativistic approximatiom0=c. Then the relation (5) will be

1
(6"t kl’)—-?(y +/Yd ﬁdr)+6w2t3 (6)
In a similar way, expanding(t) in (4) we find E,( &)

B,(1)= wt -~ o). Bt)=xd-

After an operation of integrating in relation (4) we find, e.qg. for

e = 2 Lok i o

3

where

3
w w1+y)2 2
=xdy, v=———, z=—"_21" 7 =ZvyN|L 8
y=xdy 2y*w, 3y’w, 3 [ ®)

I ) .
F(z )= EW{J;(Z)+J;(Z)} Z—‘gVN[—U]z,

2 3 9
\/EKl(Z— ' Z :_VN[_U]21 ©
3 3
n=l+yt -vt
It is easy to see that the functiéf(z_) taken relatively greater values within an awe 2ay/ @. Un-

der these conditions(z_)//1 . In this portion of spectrura, » 1, consequently, the functioni(z.)« 1, and
it can be ignoredThus, the polarization components of the radiation field can be written as
ikR

diew,e 1

E, =—>—V[i{ll+¢?K,(z2) - Zkeé’F(z (10)
T, 00K
diew,e" " 1. |

E, =——Vw1+y? K, (z)-Zike’F(z (11)
V3cRw, [ 32

The spectral-angular distribution of enel‘@yadiated by a particle is calculated from the formula [1]

o ‘E ‘ (12)
dea) an’
Substituting expressions (10) and (11), we find
de 4’ 2v? |
de Zja) - 3Cﬂ2a) [(1 +¢ ) 3(z)+ k5|n¢K§(z)|:(z_)+
(13)
de 4w 2v? |
de ga) - 3Cﬂ2a) [(1+4l/ ) 3(z)+ kSIn¢K;(z)F(Z_)+
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The first term in formulae (13) coincides with expressions for a synchrotron radiation of a particle

moving along the circle with radiygand describes the curvature radiation. The third containing the function
Fz(z_),is proportional to the helix radius squared and, consequently is the undulator-type radiation. The sec-

ond term, proportional tsin ¢ describes, in a particular sense, the “interference” of the fields of the syn-
chrotron and undulator types.

FunctionsVvKy3 (z) and vKy3 (z_) show a peak in the neighborhood of1, i.e., at frequency

@, /[X2y. The functionvF(z_) differs essentially from zero in the ar@a/71. The corresponding reduced
frequencyvyr can be calculated from

N w

1+y? -1

ur

Nv,, ~1

1
1+?
The reduced angl¢ has an order of unity, consequently, 0 1.Thus the undulator-type radiation
falls on a respectively narrow band of frequencies with relative witti#hco 1N in the neighborhood of
frequencyl]12ag ;7 As i/ a; ON »1, the synchrotron and undulator radiation turned to be far separated

in frequency. The spectrum in the intermediate area of frequeigjesw «ay, is described by the second

term in formulae (13). This term is proportional $th ¢ and depends greatly on tile initial phase of motion.

In actual conditions we must deal with an ensemble of particles and average the radiation properties by initial
parameters. As a result of such averaging the second term in formulae (13) vanishes.

Figures 1 and 2 show the spectral distribution of radiated energy as a function of reduced freguency
for polarization componeno an angleyy = O for different values of the initial phas@ and parameters
N=20, K=0,1 As shown in Fig. 1, the radiation spectrum is distinctly subdivided into the synchrotron and
undulator portions. The undulator portion is related to frequangyl. Fig. 2 demonstrates the influence of
the initial phase upon tile shape of radiation spectrum: the character of oscillations in the intermediate area of
frequencies is essentially dependent upon the v@ée impact of the pitch-angle on the shape of spec-
trum is seen from formulae (13). With decreasimgthe undulator paramet&rdecreases and hence the con-
tribution of the undulator radiation also decreases.

Formulae for the Fourier components of the radiation field (10) and (11) show that the phases of
and 7fcomponents of the undulator portion of radiation differ by tile valug#®, with amplitude being the
same. Consequently, this portion of radiation has a circular polarization. It must be emphasized that the ellip-
tical polarization of the curvature radiation described by the first term of formulae (10) and (11) reverses its
sign when{/ is substituted for 4/, whereas the undulator portion of radiation has the polarization of the
helicity at all angle ranges within the radiation cone. This property call be used to determine the character of
particle motion on the basis of its radiation.

Now we shall find the radiation circular polarization components. They are derived from the formula
(12), whereE.(c) andE (&), i.e., amplitudes of the right hand and left-hand circular polarization, respec-
tively, should be inserted instead Bf( «). Circular polarization components call be expressed through the
linear polarization components [5]:

1
Hence v, ~ . N

_E,-IE, _E_-IE
E, —T, E —%.
As aresult, we have the following expressions for the spectral-angular distribution
22,2
di';w - i;’iz (@ 1+¢/2K;(z)+(1+1//2).
de. _ 2e°wiv?
ddew 3w,

(14)

[ f2(c)+ 2k singf (w)F (z. ) + k>
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Here f () = ¢ 1+¢/2K%(z)—(1+¢/2)K§(z).

Thus, the synchrotron portion of radiation has both the right-hand and left-hand polarization compo-
nents, i.e., it is elliptically polarized, whereas the undulatur radiation is presented only In the left-hand polar-
ized component.

0.25 0.5 0.75 1 1.25 1.5 v
Fig. 1. Radiation spectrum of componemat an angleyy = O.
The initial phasep= 0.

0.0% 0.1 .15 n.z W

Fig. 2. Synchrotron portion of radiation spectrum of compor@at an angleyy = 0.
The initial phasep= 176.
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