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:^u]_ckdbc ]hkm^Zjkl\_gguc mgb\_jkbl_l� FZcdhi

KZgdl�I_l_j[mj]kdbc ]hkm^Zjkl\_gguc mgb\_jkbl_l� KZgdl�I_l_j[mj]

< klZlv_ ihemq_g qZklhlguc djbl_jbc ^bohlhfbqghklb g_ebg_cguo kbkl_f Z\lhfZlbq_kdh]h mijZ\-
e_gby k ]bkl_j_abkguf we_f_glhf� m^h\e_l\hjyxsbf mkeh\bx ©k_dlhjbZevghklbª� < dZq_kl\_ ijb-
f_jZ jZkkfZljb\Z_lky kbkl_fZ \lhjh]h ihjy^dZ k ]bkl_j_abkghc g_ebg_cghklvx�

1. <<?>?GB?

< jZaebqguo h[eZklyo l_ogbdb rbjhdh jZkijhkljZg_gu mkljhckl\Z� hibku\Z_fu_ kbkl_fZfb

^bnn_j_gpbZevguo mjZ\g_gbc k ]bkl_j_abkgufb g_ebg_cghklyfb�

< gZklhys_c klZlv_ jZkkfZljb\Z_lky kbkl_fZ
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]^_ ∈x  IRn, J – ]mj\bp_\Z (nxn) – fZljbpZ� q, r – n – \_dlhju� ( )[ ]tt 0,ϕσϕ � agZq_gb_

�\_l\v� ]bkl_j_abkghc nmgdpbb�

Gb`_ \kx^m ij_^iheZ]Z_lky� qlh ]bkl_j_abkgZy nmgdpby ����� kbevgh g_ij_ju\gZ b m^h\e_l\h-
jy_l ke_^mxs_fm mkeh\bx ©k_dlhjbZevghklbª
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=_hf_ljbq_kdb khhlghr_gb_ ����� hagZqZ_l� qlh ]jZnbd ]bkl_j_abkghc nmgdpbb ( )[ ]tt 0,ϕσϕ
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Hkgh\gZy gZrZ p_ev ± ihemqblv qZklhlguc djbl_jbc ^bohlhfbqghklb kbkl_fu (1.1), (1.2).
 Bamq_gbx kbkl_f \b^Z ������ ����� [ueh ihk\ys_gh [hevrh_ dhebq_kl\h jZ[hl� kj_^b dhlhjuo

hlf_lbf \ i_j\mx hq_j_^v hkgh\hiheZ]Zxsb_ jZ[hlu <�:� Ydm[h\bqZ [1], [2]� =�:� E_hgh\Z b F�X�

Nbebghc [3], [4]� :�F� DjZkghk_evkdh]h b :�<� Ihdjh\kdh]h [5],[6],[7]� :�<� Ihdjh\kdh]h [8]� Bkke_^h-
\Zgbx jZaebqguo k\hckl\ j_r_gbc kbkl_fu ������ ����� [ueZ ihk\ys_gZ ^bkk_jlZpby F�X� Nbebghc

[9].
Ohjhrh ba\_klgh [2]� qlh qZklgh_ mkeh\b_ <�F� Ihih\Z hklZ_lky kijZ\_^eb\uf b \ kemqZ_ ]bk-

l_j_abkghc g_ebg_cghklb� _keb iZjZf_lj� nb]mjbjmxsbc \ mkeh\bb <�F� Ihih\Z� bf__l ebrv hij_^_-
e_gguc agZd� aZ\bkysbc hl gZijZ\e_gby� \ dhlhjhf h[oh^blky i_ley ]bkl_j_abkZ�

< gZklhys_c klZlv_ k ihfhsvx b^_c� baeh`_gguo \ jZ[hlZo [10] - [13] ihemq_g qZklhlguc

djbl_jbc ^bohlhfbqghklb ^ey kbkl_f \b^Z (1.1), (1.2)k ex[uf h[oh^hf i_leb ]bkl_j_abkZ� Ijb

wlhf ]jZnbd ]bkl_j_abkghc nmgdpbb fh`_l kh^_j`Zlv g_kdhevdh i_l_ev� dhlhju_ h[oh^ylky g_aZ\b-
kbfh ^jm] hl ^jm]Z \ ijhba\hevghf gZijZ\e_gbb�

Hij_^_e_gby� bkihevam_fuo gb`_ ihgylbc� fh`gh gZclb \ \ur_mdZaZgguo jZ[hlZo � kf�� gZ-
ijbf_j [2],[7],[13]�� GZihfgbf g_dhlhju_ ba gbo�
Hij_^_e_gb_ � [13]. Dhfie_dkghagZqgZy nmgdpby

( ) ( ) qEPrX n
1* −−= λλ  (1.4)
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Ljm^u NHJ:���� ���� ]� � ���� Nbabq_kdh_ H[s_kl\h J:

]^_ λ ± dhfie_dkgZy i_j_f_ggZy� (n – _^bgbqgZy fZljbpZ� gZau\Z_lky i_j_^Zlhqghc nmgdpb_c eb-

g_cghc qZklb kbkl_fu (1.1),(1.2� hl \oh^Zξ d \uoh^m ( )σ− .

Hij_^_e_gb_ � [13]. Nmgdpby

( ) ( ) T(L3UL;
Q

�−−= ωω  (1.5)

]^_ ( )+∞∞−∈ �ω ± \_s_kl\_ggZy i_j_f_ggZy� ,1−=i gZau\Z_lky qZklhlghc oZjZdl_jbklb-

dhc ebg_cghc qZklb kbkl_fu (1.1), (1.2).
?kl_kl\_ggh� qlh \ ����� b ����� agZq_gby i_j_f_gguo λ b iω g_ ^he`gu kh\iZ^Zlv k kh[kl\_g-

gufb agZq_gbyfb fZljbpu J� GZ hklZevghc qZklb iehkdhklb dhfie_dkghc i_j_f_gghc λ nmgdpby

O(λ� y\ey_lky ZgZeblbq_kdhc b fh`_l [ulv \hkklZgh\e_gZ ih agZq_gbyf qZklhlghc oZjZdl_jbklbdb

O(iω).
Hij_^_e_gb_ � [13]. I_j_^ZlhqgZy nmgdpby O(λ) gZau\Z_lky g_\ujh`^_gghc� _keb _z g_\hafh`gh

ij_^klZ\blv \ \b^_ hlghr_gby fgh]hqe_gh\ kh kl_i_gvx agZf_gZl_ey f_gvr_ n.
 Hij_^_e_gb_ � [13]. KlZpbhgZjguf fgh`_kl\hf kbkl_fu ������ ����� gZau\Z_lky fgh`_kl\h
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 Hij_^_e_gb_ � [13]. Kbkl_fZ ������ ����� gZau\Z_lky ^bohlhfbqghc� _keb ex[h_ h]jZgbq_ggh_ ijb

t> t0 , t0 ∈ 5� j_r_gb_ klj_fblky ijb t→+∞ d klZpbhgZjghfm fgh`_kl\m�

LZdbf h[jZahf� ^ey ^bohlhfbqghc kbkl_fu kijZ\_^eb\Z Zevl_jgZlb\Z � ex[h_ j_r_gb_ eb[h g_

h]jZgbq_gh ijb t > t0 � eb[h klj_fblky ijb t→+∞ d klZpbhgZjghfm fgh`_kl\m� Hlf_lbf� qlh ^bohlh-
fby y\ey_lky [he__ keZ[uf k\hckl\hf� q_f mklhcqb\hklv� ihkdhevdm g_ ij_^iheZ]Z_l hlkmlkl\by g_h]-
jZgbq_gguo j_r_gbc� H^gZdh� qlh \_kvfZ \Z`gh ^ey ijbeh`_gbc� ^bohlhfbqgZy kbkl_fZ �dZd wlh

\b^gh ba hij_^_e_gby� g_ fh`_l bf_lv Z\lhdhe_[Zgbc�

Hij_^_e_gb_ � [2]. =h\hjyl� qlh ]bkl_j_abkgZy nmgdpby [ ]t0,ϕσϕ h[eZ^Z_l k\hckl\hf ij_^_ev-

ghc g_ij_ju\ghklb� _keb ba khhlghr_gbc ( ) [ ] ∗∗ →→ ϕϕσϕσσ tt 0,, ijb t→+∞ ke_^m_l� qlh

[ ] [ ] ��(
W ∗∗∗∗∗ ≡∈ ϕϕσϕσϕ b �A^_kv [ ]∗σ( hagZqZ_l g_dhlhjh_ ih^fgh`_kl\h ba R1 hl\_-

qZxs__ qbkem σ*).

2. NHJFMEBJH<D: J?AMEVL:L:

Knhjfmebjm_f l_i_jv hkgh\ghc j_amevlZl�

L_hj_fZ� Imklv \ kbkl_f_ (1.1), (1.2) J ± ]mj\bp_\Z fZljbpZ� i_j_^ZlhqgZy nmgdpby O�λ) g_\ujh-

`^_gZ� Z ]bkl_j_abkgZy nmgdpby [ ]t0,ϕσϕ m^h\e_l\hjy_l khhlghr_gbx (1.3), h]jZgbq_gZ b h[eZ-

^Z_l k\hckl\hf ij_^_evghc g_ij_ju\ghklb�

>Ze__� ij_^iheh`bf� qlh \uiheg_gu ke_^mxsb_ mkeh\by�

1� kms_kl\mxl qbkeZ θτεδ  b0,0,0 ≥>> lZdb_� qlh kijZ\_^eb\h g_jZ\_gkl\h

( ) ( ) ( ) ( ) ��
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�L5H  (2.1)

2� kms_kl\m_l g_ij_ju\gZy nmgdpby F(σ) b qbkeh ν� ^ey dhlhjuo

( )[ ] ( )( ) ( )ttFt t σνσϕσϕ ⋅≤−0, ; (2.2)

3) ( )�� θνδε > .

Lh]^Z kbkl_fZ (1.1), (1.2) ^bohlhfbqgZ�
Ijb\_^_f ijbf_j� beexkljbjmxsbc knhjfmebjh\Zggmx \ur_ l_hj_fm�

Ijbf_j [2]� JZkkfhljbf kbkl_fm ��]h ihjy^dZ
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Ljm^u NHJ:���� ���� ]� � ���� Nbabq_kdh_ H[s_kl\h J:
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]^_ α > 0, β > 0 � dhgklZglu�
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H[hagZqZy ω2 = η b iheZ]Zy \ ����� τ = 1, ε = 1, δ = 
β
1

ihke_ we_f_glZjguo \deZ^hd ijboh^bf

d mkeh\bx :4η4+:3η3+:2η2+:1η+:0≥0, ∀η≥0, ]^_ ;
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Dhwnnbpb_glu :0, :1, :2, :3 b :4 g_hljbpZl_evgu ijb ^hklZlhqgh [hevrhf Q > � _keb
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< dZq_kl\_ nmgdpbb F(σ) fh`gh \aylv ex[mx g_ij_ju\gmx nmgdpbx� ]jZnbd dhlhjhc \g_ i_-

l_ev kh\iZ^Z_l k ]jZnbdhf ]bkl_j_abkghc nmgdpbb [ ]
W

�
�

ϕσϕ � Z \gmljb i_l_ev ± gZijbf_j� k gb`g_c

djb\hc i_leb�

LZdbf h[jZahf� k mq_lhf mkeh\by �� l_hj_fu ihemqZ_f ke_^mxsbc j_amevlZl ^ey kbkl_fu ������

Ml\_j`^_gb_� ?keb \uiheg_gu mkeh\by
β

ναβ
⋅

<<>
4

��
�

���
�  � lh kbkl_fZ ����� ^bohlh-

fbqgZ \ deZkk_ \k_o h]jZgbq_gguo b kbevgh g_ij_ju\guo ]bkl_j_abkguo g_ebg_cghkl_c� m^h\e_l\h-
jyxsbo mkeh\bx ©k_dlhjbZevghklbª (1.3).

3. >HD:A:L?EVKL<H L?HJ?FU

JZkkfhljbf nmgdpbx
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Ljm^u NHJ:���� ���� ]� � ���� Nbabq_kdh_ H[s_kl\h J:

( ) ( )∫ =+=
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,*,* xrdFQHxxxV  (3.1)

]^_ Q – g_dhlhjuc iZjZf_lj�
�� IhklZjZ_fky ih^h[jZlv fZljbpm G  G b qbkeh Q lZd� qlh[u [ueh \uiheg_gh g_jZ\_gkl\h
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A^_kv ? ± _^bgbqgZy �nxn) fZljbpZ�
< kbem qZklhlgh]h mkeh\by ����� ih e_ff_ Ydm[h\bqZ�DZefZgZ [13] kms_kl\m_l kbff_ljbqgZy�

iheh`bl_evgh�hij_^_e_ggZy fZljbpZ G lZdZy� qlh [m^_l \uiheg_gh g_jZ\_gkl\h

( ) ( )��[5�5[�[) Q
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� ≠≠∈∀∈∀< ξξξ

LZd dZd ih mkeh\bx J – ]mj\bp_\Z b P*rr*P + δrr* ≥ 0, lh ba lhc `_ e_ffu Ydm[h\bqZ�

DZefZgZ ke_^m_l� qlh G > 0 (l�_� o*Go* > 0).

Bkihevamy ����� b ������ ihemqbf ba ����� hp_gdm ( ) 
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< kbem mkeh\by �� ^hdZau\Z_fhc l_hj_fu

( ).0;0,     0, ≠
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σσσσh

Ihwlhfm

( ) ��[�[)9 ��� ≠∀≠∀<≤
⋅

ξξ  (3.3)

�� IhdZ`_f h]jZgbq_gghklv kgbam nmgdpbb ( ) ( )( ) ( ) ( )( )ttxtxVtV ξ, ]^_ ,≡ � ijhba\hevgh_ j_r_-

gb_ kbkl_fu������ ������ Bf__f

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

∫ ∗+⋅≥+=
t

tQFtxHdFQtHxtxtV
σ

σηληη
0

2

min ,*  (3.4)

]^_ λmin(H) – gZbf_gvr__ kh[kl\_ggh_ agZq_gb_ fZljbpu H, η*  – g_dhlhjh_ agZq_gb_ f_`^m gme_f b

σ(t): 0< η* < σ(t).
Ba h]jZgbq_gghklb ]bkl_j_abkghc nmgdpbb [ ]t0,ϕσϕ b ]mj\bp_\hklb fZljbpu J ke_^m_l [14],

qlh ex[h_ j_r_gb_ x(t) kbkl_fu (1.1), (1.2)h]jZgbq_gh�
Mqblu\Zy ihke_^g__ h[klhyl_evkl\h� ba ����� \u\h^bf hp_gdm

( ) �WW�&W9
�

≥∀>  (3.5)

]^_ t0, C – g_dhlhju_ qbkeZ�

3. IhdZ`_f� qlh ( ) ( ) ( ).,0,,0 22 +∞∈+∞∈ LLtx ξ
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Ljm^u NHJ:���� ���� ]� � ���� Nbabq_kdh_ H[s_kl\h J:

Ba g_jZ\_gkl\ ����� b ����� ke_^m_l kms_kl\h\Zgb_ ( ) .lim ∞+∞→
= VtV

t
Ihke_^g__ khhlghr_gb_ ha-

gZqZ_l� qlh koh^blky bgl_]jZe ∫
+∞ •






−

0

.dtV

LZd dZd ( )ξ,xF hljbpZl_evgh hij_^_e_ggZy nhjfZ� lh

( ) ( )�[N�[)9 �� ξξ +〉−>−
•

 (3.6)

^ey dhlhjh]h k > 0.

K mq_lhf lh]h� qlh ∫
+∞ •

+∞<




−

�

�GW9 ba ����� bf__f

( ) ( )∫ ∫
+∞ +∞

+∞<+∞<
� �

��

�GWW[�GWWξ  (3.7)

�� L_i_jv ^ey ex[h]h j_r_gby x(t) mklZgh\bf ij_^_evgh_ khhlghr_gb_ ( ) .0lim =
+∞→

tx
t

H[hagZqbf ( ) ( ).2
ttx η= IhemqZ_f ( ) ( ) ( ).*2 txtxt

••
⋅=η Ba ������ ����� k mq_lhf lh]h� qlh o�t) b

[ ]t0,ϕσϕ h]jZgbq_gu� bf__f ( ) ( ) [ ] �
��

&�TW[3W[
W

≤⋅+⋅≤
•

ϕσϕ ]^_ K1 > 0 ± g_dhlhjZy dhg-

klZglZ� Ba h]jZgbq_gghklb x(t) b ( )tx
•

ke_^m_l h]jZgbq_gghklv ( )t
•
η :

( ) ( ) ( ) ( )�&�&W[W[W dhgklZglZ��
��

−>≤⋅=
••

η

Mqblu\Zy ihke_^gxx hp_gdm� gZoh^bf� qlh gZjy^m kh koh^bfhklvx \lhjh]h bgl_]jZeZ ba �����

koh^blky bgl_]jZe

( ) ( )∫
+∞ •

⋅
0

tt ηη  (3.8)

Ihkdhevdm ( ) ( ) ( ) ( )[ ]22

0

0
2

1 ηηηη −=⋅∫
+∞ •

ttt � lh ba koh^bfhklb bgl_]jZeZ ����� ke_^m_l kms_kl-

\h\Zgb_ ij_^_eZ ( ) �+∞<= ∞+∞→
ηη WOLP

W

Hlkx^Z b ba lh]h� qlh ( ) ( )+∞∈ ,02Ltx �kf������� bf__f η∞= 0� l�_� o(t) → 0 (t→+∞).

�� HklZ_lky ihdZaZlv� qlh �o = 0, ξ = 0) – klZpbhgZjgh_ j_r_gb_ kbkl_fu (1.1), (1.2).

Wlh ke_^m_l ba k\hckl\Z ij_^_evghc g_ij_ju\ghklb nmgdpbb [ ]t0,ϕσϕ � >_ckl\bl_evgh� ba

o(t)→0 (t→+∞) ke_^m_l� qlh σ(t)→0 (t→+∞), Z hlkx^Z [ ] ∞=∃ ϕϕσϕ
W

��W�OLP
�

� ijbq_f ϕ∞= 0� lZd

dZd [ ]
W

��W�
�

ϕσϕ = ( ) ( )+∞∈ �/W �
�

ξ �kf��������

<hkihevah\Z\rbkv k\hckl\hf ij_^_evghc g_ij_ju\ghklb nmgdpbb [ ]
W

��W�
�

ϕσϕ � bf__f

[ ] [ ] .00,0,0 ≡⇔≡ ∞∞ tt ϕϕϕϕ
LZdbf h[jZahf� (o=0, ξ=0) y\ey_lky klZpbhgZjghc lhqdhc kbkl_fu ������ ������

BlZd� fu ihdZaZeb� qlh ex[h_ j_r_gb_ (o(t), ξ(t)) kbkl_fu ������ ����� h]jZgbq_gh b klj_fblky

d klZpbhgZjghc lhqd_ (o=0, ξ=0).: wlh hagZqZ_l� qlh kbkl_fZ ������ ����� ^bohlhfbqgZ�

L_hj_fZ iheghklvx ^hdZaZgZ�
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Ljm^u NHJ:���� ���� ]� � ���� Nbabq_kdh_ H[s_kl\h J:

Eb l _ j Z l m j Z

1. Ydm[h\bq <�:�� QZklhlgu_ mkeh\by Z[khexlghc mklhcqb\hklb j_]mebjm_fuo kbkl_f k ]bkl_j_abkgu-
fb g_ebg_cghklyfb ��>hde� :G KKKJ� ± ����� ± L����� ±��� ± K����±����

2. Ydm[h\bq <�:�� F_lh^ fZljbqguo g_jZ\_gkl\ \ l_hjbb mklhcqb\hklb g_ebg_cguo j_]mebjm_fuo

kbkl_f� :[khexlgZy mklhcqb\hklv kbkl_f k ]bkl_j_abkgufb g_ebg_cghklyfb ��:\lhfZlbdZ b l_e_f_-
oZgbdZ� ± ����� ±��� ± K����±����

3. E_hgh\ =�:�� NbebgZ F�X�� G_h[oh^bfu_ mkeh\by mklhcqb\hklb \ p_ehf ^bnn_j_gpbZevguo kbk-
l_f k ]bkl_j_abkghc ijZ\hc qZklvx� K[� Ijh[e_fu kh\j_f_gghc l_hjbb i_jbh^bq_kdbo ^\b`_gbc� ±

B`_\kd� ±����� ±��� ±K���±���

4. E_hgh\ =�:�� NbebgZ F�X�� G_mklhcqb\hklv b dhe_[Zgby kbkl_f k ]bkl_j_abkgufb g_ebg_cghklyfb

��:\lhfZlbdZ b l_e_f_oZgbdZ� ±����� ±��� ±K���±���

5. DjZkghk_evkdbc :�F�� Ihdjh\kdbc :�<�� <b[jhmklhcqb\hklv j_r_gbc ^bnn_j_gpbZevguo mjZ\g_-
gbc ��>hde� :G KKKJ� ± �����± L����� ±��� ±K����±����

6. DjZkghk_evkdbc :�F�� Ihdjh\kdbc :�<�� Kbkl_fu ]bkl_jhgh\ ��>hde� :G KKKJ� ±����� ±L����� ±

��� ±K����±����

7. DjZkghk_evkdbc :�F�� Ihdjh\kdbc :�<�� Kbkl_fu k ]bkl_j_abkhf� ±F� ±�����

8. Ihdjh\kdbc :�<�� G_ehdZevgZy ijh^he`bfhklv j_r_gbc \b[jhmklhcqb\uo mjZ\g_gbc ��>hde� :G

KKKJ� ±�����±L�����±���±K�����±�����

9. NbebgZ F�X�� Mklhcqb\hklv b dhe_[Zgby j_r_gbc ^bnn_j_gpbZevguo mjZ\g_gbc k ]bkl_j_abkgu-
fb nmgdpbyfb� DZg^� ^bk�� E�±�����

10. ;ZdZ_\ X�G�� =m` :�:����JZ^bhl_ogbdZ b we_dljhgbdZ�±�����±L����±���±K� ���±����

11. Dhjydbg X�G�� E_hgh\ =�:� //Ba\� :G DZaKKJ�±K_j� Nba�±fZl�±�����±���±K� ��±���

12. E_hgh\ =�:���Kfbjgh\Z <�;. // Kb[�fZl� `mjg�±�����±���± K� ����±�����

13. =_eb] :�O�� E_hgh\ =�:�� Ydm[h\bq <�:�� Mklhcqb\hklv g_ebg_cguo kbkl_f k g__^bgkl\_gguf kh-
klhygb_f jZ\gh\_kby� ±F�������

��� F_lh^u bkke_^h\Zgby g_ebg_cguo kbkl_f Z\lhfZlbq_kdh]h mijZ\e_gby�� Ih^ j_^� J�:�G_e_ibgZ�±

F�� GZmdZ� �����

Frequency criterion of the dichotomy of nonlinear control systems
with hysteresis element

V.A.Teshev, M.M.Shymafov

In the paper frequency criterion of the dichotomy of nonlinear control systems with hysteresis ele-
ment, satisfied to a “sectorial” condition is obtained. A second order system with hysteresis nonlinearity is
given as an example.


