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:^u]_ckdbc ]hkm^Zjkl\_gguc mgb\_jkbl_l� FZcdhi�

>ey ^bnn_j_gpbZevghc kbkl_fu Eyimgh\Z gZc^_gu ^hklZlhqgu_ mkeh\by jh`^_gby ij_^_evgh]h

pbdeZ ba hkh[hc lhqdb lbiZ ©nhdmkª k ^\mfy gme_\ufb oZjZdl_jbklbq_kdbfb qbkeZfb \ kemqZ_� dh-
]^Z hgZ ij_\jZsZ_lky \ ma_e ijhlb\hiheh`ghc mklhcqb\hklb k h^gbf gme_\uf oZjZdl_jbklbq_kdbf

qbkehf� < jZkkfZljb\Z_fhf kemqZ_ nhdmk b ma_e y\eyxlky hkh[ufb lhqdZfb h^ghc b lhc `_ djZl-

ghklb 2n-1� ]^_ n >1 b n∈Z.
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qe_gh\� Eyimgh\ :�F� ihdZaZe >�@� qlh gZqZeh dhhj^bgZl kbkl_fu ��� y\ey_lky hkh[hc lhqdhc \lhjhc

]jmiiu �p_gljhf beb nhdmkhf� lh]^Z b lhevdh lh]^Z� dh]^Z
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G_ km`Zy h[sghklb jZkkm`^_gbc� kqblZ_fF �� b[h \ ijhlb\ghf kemqZ_ ijbf_gy_f ebg_cgh_

g_\ujh`^_ggh_ ij_h[jZah\Zgb_ o o1 – Fm1� m m1  (5)
GZrZ aZ^ZqZ khklhbl \ lhf� qlh[u imlzf baf_g_gby ijZ\uo qZkl_c kbkl_fu ��� ^h[blvky ihy\-

e_gby ij_^_evgh]h pbdeZ \ ^hklZlhqgh fZehc hdj_klghklb gZqZeZ dhhj^bgZl�

Bf__l f_klh

L_hj_fZ �. ?keb H����� ± g_mklhcqb\uc �mklhcqb\uc� nhdmk kbkl_fu ���� lh ^ey kbkl_fu
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>hdZaZl_evkl\h� Hq_\b^gh� gZqZeh dhhj^bgZl _klv keh`gZy hkh[Zy lhqdZ djZlghklb 2n-1� gh ijb
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]^_ F2  G2 g_ kh^_j`bl ebg_cguo b k\h[h^guo qe_gh\ ih kh\hdmighklb i_j_f_gguo . b yx
Kh]eZkgh >�@ O(0,0� ± mklhcqb\uc lhiheh]bq_kdbc ma_e� LZd dZd
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σ b σ(x,y)± g_ij_ju\gZ� lh \ ^hklZlhqgh fZehc hdj_klghklb

lhqdb O(0,0) σ(x,y) khojZgy_l k\hc agZd� Z klZeh [ulv� ih ijbagZdm >xeZdZ�;_g^bdkhgZ >�@ \ mdZaZg-
ghc hdj_klghklb hlkmlkl\mxl ex[u_ aZfdgmlu_ dhglmju� khklZ\e_ggu_ ba ljZ_dlhjbc kbkl_fu ����

<\b^m lh]h� qlh ijb m=0 O(0,0) [ueZ g_mklhcqb\uf nhdmkhf� ijb ^hklZlhqgh fZehf m b P�� \

^hklZlhqgh fZehc hdj_klghklb lhqdb O gZc^mlky ^\Z pbdeZ [_a dhglZdlZ C1 b C2� hdjm`Zxsbo 2 lZd�

qlh ljZ_dlhjbb ��� i_j_k_dZxl C1� \oh^y \gmljv� Z C2 ± \uoh^y gZjm`m� Ih ijbgpbim dhevpZ >�@ gZqZ-
eh dhhj^bgZl hdjm`Z_l ih djZcg_f f_j_ h^bg g_mklhcqb\uc ij_^_evguc pbde�

< kemqZ_� dh]^Z 2����� ± mklhcqb\uc nhdmk� ijbf_gy_f ij_h[jZah\Zgb_ y,y , =−= ymxx \
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L_hj_fZ ^hdZaZgZ�

AZf_qZgb_ �� ?keb n=2� lh \ kbkl_f_ ��� k ihfhsvx ij_h[jZah\Zgby ���� ]^_ M=a� fh`gh ^h-
[blvky jZ\_gkl\Z gmex dhwnnbpb_glZ a� Ihwlhfm ml\_j`^_gb_ l_hj_fu � hklZ_lky \ kbe_ ^ey ����

AZf_qZgb_ �� < mkeh\byo l_hj_fu � ba djZlghc hkh[hc lhqdb \lhjhc ]jmiiu lbiZ ©nhdmkª jh`-
^Z_lky ih djZcg_f f_j_ h^bg ij_^_evguc pbde lhc `_ mklhcqb\hklb� qlh b kZf djZlguc nhdmk� Ijb
wlhf nhdmk ij_\jZsZ_lky \ ma_e lhc `_ djZlghklb� qlh b nhdmk� gh ijhlb\hiheh`ghc mklhcqb\hklb�

>ey kjZ\g_gby aZf_lbf >�@� qlh ba nhdmkZ k qbklh fgbfufb oZjZdl_jbklbq_kdbfb dhjgyfb ijb

kf_g_ _]h mklhcqb\hklb jh`^Z_lky ij_^_evguc pbde� gh ijb wlhf g_]jm[uc nhdmk ij_\jZsZ_lky \

]jm[uc nhdmk ijhlb\hiheh`ghc mklhcqb\hklb�

>Ze__ jZkkfhljbf dm[bq_kdmx kbkl_fm

),(2 yxPyy
dt

dx ≡−=  (8)

),,(2
12

2
2111

3 yxQmyxydyxdxydx
dt

dy ≡++++−=

]^_  08 2
11 >− d   (9)

DZd hlf_q_gh \ur_� ijb m=0 O(0,0) ± hkh[Zy lhqdZ lbiZ ©nhdmkª beb ©p_gljª� l�_� gZebph

ijh[e_fZ jZaebq_gby�

Ihlj_[m_f� qlh[u \uihegyehkv g_jZ\_gkl\h

0)(4 1211
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L_hj_fZ �. ?keb m=0, d21>0 (d21<0)  b djhf_ lh]h� \uiheg_gu mkeh\by ��� b ����� lh kbkl_fZ ���

ZpbdebqgZ� ijbq_f� 2����� ± g_mklhcqb\uc �mklhcqb\uc� nhdmk�

>hdZaZl_evkl\h� E_]dh \b^_lv� qlh hkh[Zy lhqdZ :(0;0) ± k_^eh� b[h ∆=d11+d12<0 �wlh ke_^m_l ba

������ < kbem kbkl_fu ��� gbdZdhc aZfdgmluc dhglmj� khklZ\e_gguc ba ljZ_dlhjbc kbkl_fu ��� g_ fh-
`_l i_j_k_dZlv bahdebgm [_kdhg_qghklb y=1.

JZkkfhljbf nmgdpbx
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< h[eZklb \hafh`gh]h jZkiheh`_gby aZfdgmluo ljZ_dlhjbc � \ ihemiehkdhklb \��� nmgdpby

(11) agZdhihklhyggZ�
Ke_^h\Zl_evgh� kbkl_fZ ZpbdebqgZ� Z agZqbl O(0,0)± nhdmk� <uykgbf oZjZdl_j _]h mklhcqb\h-

klb� >ey wlh]h \hkihevam_fky kbkl_fhc kjZ\g_gby�

Ijb d21=0nmgdpby ���� lh`^_kl\_ggh jZ\gZ gmex� qlh k\b^_l_evkl\m_l h kbff_ljbb \_dlhjgh-

]h ihey kbkl_fu ��� hlghkbl_evgh hkb hj^bgZl �kf� jbk���� LZd dZd �
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m\_ebqb\Zxs_fky �mf_gvrZxs_fky� \_dlhj ihey kbkl_fu ��� \jZsZ_lky ijhlb\ qZkh\hc klj_edb �ih

qZkh\hc klj_ed_�� Ihwlhfm ijb d21>0 (d21<0) nhdmk O(0,0) ± g_mklhcqb\uc �mklhcqb\uc�

�kf�jbk������ L_hj_fZ ^hdZaZgZ�

Kh]eZkgh aZf_qZgbx � d l_hj_f_ � ba mklhcqb\h]h �g_mklhcqb\h]h� nhdmkZ ijb m>0, d21<0
(m<0, d21>0) jh`^Z_lky ih djZcg_f f_j_ h^bg mklhcqb\uc �g_mklhcqb\uc� ij_^_evguc pbde kbkl_-
fu ���� Ijb wlhf nhdmk ij_\jZsZ_lky \ lhiheh]bq_kdbc ma_e ijhlb\hiheh`ghc mklhcqb\hklb�

Jbk� � Jbk� � jbk� �
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1. Eyimgh\ :�F� H[sZy aZ^ZqZ h[ mklhcqb\hklb ^\b`_gby� ±F�±E�� =hkl_oba^Zl� �����

2. :f_evdbg <�<� b ^j� G_ebg_cgu_ dhe_[Zgby \ kbkl_fZo \lhjh]h ihjy^dZ� ±Fg�� Ba^�\h ;=M� �����

3. :g^jhgh\ :�:� b ^j� DZq_kl\_ggZy l_hjby ^bgZfbq_kdbo kbkl_f \lhjh]h ihjy^dZ� ±F�� GZmdZ� �����

4. :g^jhgh\ :�:�� <bll :�:�� OZcdbg K�W� L_hjby dhe_[Zgbc� ±F�� NbafZl]ba� �����

5. ?jm]bg G�I� Dgb]Z ^ey ql_gby ih h[s_fm dmjkm ^bnn_j_gpbZevguo mjZ\g_gbc� ± Fg�� GZmdZ b l_o-
gbdZ� �����

6. :g^jhgh\ :�:� b ^j� L_hjby [bnmjdZpbc ^bgZfbq_kdbo kbkl_f gZ iehkdhklb� ±F�� GZmdZ� �����

On periodical solutions one system of differential equations

D.S. Ushkho

The conditions of birth of limit cycle from critical point types of "focus" for differential system of
Liapunov are founded.


