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:jfZ\bjkdbc ]hkm^Zjkl\_gguc i_^Z]h]bq_kdbc bgklblml� ]� :jfZ\bj

< klZlv_ jZkkfZljb\Z_lky ihiuldZ ih^\_klb _^bgmx fZl_fZlbq_kdmx [Zam ih^ ba\_klgu_ l_hj_fu

^\hckl\_gghklb� qlh iha\hey_l i_j_nhjfmebjh\Zlv dZ`^mx ba gbo \ khhl\_lkl\bb k _^bguf

klZg^Zjlhf�

Fhlb\Zpby� < kZfuo jZaebqguo h[eZklyo fZl_fZlbdb \hagbdZxl hl^_evgu_ ij_^eh`_gby beb

]jmiiu ij_^eh`_gbc� h[uqgh� h[t_^bgy_fu_ \ [ehdb ih^ h[sbf gZa\Zgb_f ± ^\hckl\_gghklv

�aZdhgu ^_ Fhj]ZgZ \ fZl_fZlbq_kdhc eh]bd_ gZau\Zxl aZdhgZfb ^\hckl\_gghklb� l_hjby

lhiheh]bq_kdbo khijy`_gguo d ehdZevgh \uimdeuf ijhkljZgkl\Zf \ nmgdpbhgZevghf ZgZeba_

gZau\Z_lky l_hjb_c ^\hckl\_gghklb� lZdh_ `_ gZa\Zgb_ ghkbl l_hjby oZjZdl_jh\ \ l_hjbb ehdZevgh

dhfiZdlguo ]jmii b l�^��� H[s__ gZa\Zgb_ hljZ`Z_l gZebqb_ hij_^_e_gghc� hkhagZgghc gZ mjh\g_
bglmbpbb� fZl_fZlbq_kdhc h^ghlbighklb wlbo ij_^eh`_gbc� GZklhysZy jZ[hlZ ij_^klZ\ey_l kh[hc

ihiuldm ih^\_klb ih^ \k_ ba\_klgu_ �ih djZcg_c f_j_ Z\lhjZf� l_hj_fu ^\hckl\_gghklb _^bgmx

fZl_fZlbq_kdmx [Zam� iha\heyxsmx i_j_nhjfmebjh\Zlv dZ`^mx ba gbo \ khhl\_lkl\bb k _^bguf

klZg^Zjlhf� LZdZy \hafh`ghklv kms_kl\m_l� ?_ ij_^klZ\ey_l \hagbdrZy \ mkeh\byo l_hjbb

ki_dljZevgh]h kbgl_aZ ljZdlh\dZ ^\hckl\_gguo i_j_oh^h\� dZd i_j_oh^h\ hl \gmlj_gg_]h hibkZgby

h^gbo fZl_fZlbq_kdbo h[t_dlh\ �bg\ZjbZglguo ih^ijhkljZgkl\� d \g_rg_fm hibkZgbx ^jm]bo

fZl_fZlbq_kdbo h[t_dlh\ �ih^fh^me_c ZgZeblbq_kdbo nmgdpbc��

<u[_j_f ijhba\hevguc fZl_fZlbq_kdbc h[t_dl ± fgh`_kl\h� gZ^_e_gghc dZdhc�eb[h

fZl_fZlbq_kdhc kljmdlmjhc� Ij_^iheh`bf� qlh hg ^himkdZ_l h^bg ba ^\hckl\_gguo \b^h\ hibkZgby

�h^ghagZqgh]h \hkklZgh\e_gby�� hibkZgb_ ih g_dhlhjhc kh\hdmighklb \gmlj_ggbo k\hbo ih^kljmdlmj

– bg^mdlb\gh_ �\gmlj_gg__� hibkZgb_� beb hibkZgb_ ih g_dhlhjhc kh\hdmighklb [he__ [h]Zluo
gZ^kljmdlmj ± ijh_dlb\gh_ �\g_rg__� hibkZgb_� ;m^_f gZau\Zlv lZdhc h[t_dl mgb\_jkZevguf� Ba lh]h

nZdlZ� qlh mgb\_jkZevguc h[t_dl ^himkdZ_l bg^mdlb\gh_ hibkZgb_ �khhl\_lkl\_ggh� ijh_dlb\gh_

hibkZgb_�� \ul_dZ_l \hijhk� ^himkdZxl eb ih^kljmdlmju �khhl\_lkl\_ggh� gZ^kljmdlmju�

mgb\_jkZevgh]h h[t_dlZ ZgZeh]bqgh_ hibkZgb_" Wlhl \hijhk khklZ\ey_l kmlv aZ^Zq bg^mdlb\gh]h b

ijh_dlb\gh]h hibkZgbc�

GZ ijZdlbd_� \kydhfm mgb\_jkZevghfm h[t_dlm� ^himkdZxs_fm h^gh ba hibkZgbc� dZd ijZ\beh�

m^Z_lky ihklZ\blv \ khhl\_lkl\b_ ^jm]hc mgb\_jkZevguo h[t_dl� ^himkdZxsbc ^jm]h_ ih oZjZdl_jm

hibkZgb_� ?keb wlh khhl\_lkl\b_ m^Z_lky jZkijhkljZgblv gZ ih^kljmdlmju �gZ^kljmdlmju�

mgb\_jkZevguo h[t_dlh\� lh ]h\hjyl� qlh bf__l f_klh ijbgpbi ^\hckl\_gghklb� <hagbdZ_l \hijhk�

hij_^_ey_lky eb \hafh`ghklv hibkZgby ih^kljmdlmju �gZ^kljmdlmju� h^gh]h mgb\_jkZevgh]h

h[t_dlZ \hafh`ghklvx hibkZgby khhl\_lkl\mxs_c gZ^kljmdlmju �ih^kljmdlmju� ^jm]h]h

mgb\_jkZevgh]h h[t_dlZ" < kemqZ_ iheh`bl_evgh]h hl\_lZ gZ wlhl \hijhk ]h\hjyl h ^\hckl\_gghf
i_j_oh^_ hl hibkZgby h^gh]h oZjZdl_jZ d hibkZgbx ^jm]h]h oZjZdl_jZ� <hafh`ghklv ^\hckl\_gguo

i_j_oh^h\ ml\_j`^Zxl lZd gZau\Z_fu_ ko_fu ^\hckl\_gghklb� Ihke_^gb_� \ k\hx hq_j_^v� e_`Zl \

hkgh\_ ^hdZaZl_evkl\Z ki_pbZevguo l_hj_f ^\hckl\_gghklb� bkihevam_fuo \ j_r_gbb dhgdj_lguo

fZl_fZlbq_kdbo aZ^Zq�

IhgbfZgb_ ^\hckl\_ggh]h i_j_oh^Z� dZd i_j_oh^Z hl hibkZgby h^gh]h oZjZdl_jZ d hibkZgbx

^jm]h]h oZjZdl_jZ� \hagbdeh� ]eZ\guf h[jZahf� [eZ]h^Zjy jZ[hlZf B�N�DjZkbqdh\Z�L_jgh\kdh]h �kf��

gZijbf_j� >�@�>�@� b :�;�RbrdbgZ >�@�>�@� < >�@ ijb\_^_gZ ko_fZ ^\hckl\_gghklb� ihkem`b\rZy

lheqdhf d jZajZ[hld_ ko_fu ^\hckl\_gghklb baeZ]Z_fhc gb`_�

<iheg_ bahlhggu_ hlh[jZ`_gby� Fgh`_kl\h X gZau\Z_lky qZklbqgh mihjy^hq_gguf� _keb

^ey g_dhlhjuo iZj _]h we_f_glh\ [ b \ hij_^_e_gh hlghr_gb_ x<y (x f_gvr_ y�� ijbq_f \uiheg_gu

^\Z mkeh\by� x<y bkdexqZ_l x=y� _keb x<y b y<z� lh x<z� Ibr_f x≤y�_keb� dZd h[uqgh bf__l f_klh
h^gh ba ^\mo khhlghr_gbc x<y beb x=y.

Hlh[jZ`_gb_ m:X→Y� ]^_ X,Y ± qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� gZau\Z_lky bahlhgguf

�khhl\_lkl\_ggh� Zglblhgguf�� _keb ^ey ex[uo [1,x2∈; lZdbo� qlh [1≤x2� \uiheg_gh g_jZ\_gkl\h
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m(x1)≤m(x2� �khhl\_lkl\_ggh� m(x2)≤m(x1��� Bahlhggh_ �khhl\_lkl\_ggh� Zglblhggh_� hlh[jZ`_gb_

m:X→< gZau\Z_lky ihjy^dh\uf bahfhjnbafhf �khhl\_lkl\_ggh� ihjy^dh\uf Zglbbahfhjnbafhf),
_keb hgh \aZbfgh h^ghagZqgh wibfhjngh b khhlghr_gb_ [1<x2 bf__l f_klh lh]^Z b lhevde lh]^Z�

dh]^Z bf__l f_klh khhlghr_gb_ m(x1)≤m(x2� �khhl\_lkl\_ggh� m(x2)≤m(x1��� Bahlhggh_ hlh[jZ`_gb_

m:X→< gZau\Z_lky \iheg_ bahlhgguf bg^mdlb\guf �khhl\_lkl\_ggh� \iheg_ bahlhggh

ijh_dlb\guf�� _keb ^ey ex[h]h y∈< fgh`_kl\h ^x∈X:m(x)≤y` �khhl\_lkl\_ggh� ^x∈X: y≤m(x)}
h[eZ^Z_l gZb[hevrbf �khhl\_lkl\_ggh� gZbf_gvrbf� we_f_glhf� <kydh_ \iheg_ bahlhggh_

bg^mdlb\gh_ �khhl\_lkl\_ggh� ijh_dlb\gh_� hlh[jZ`_gb_ m:X→< h[eZ^Z_l mkeh\gh h[jZlguf

hlh[jZ`_gb_f P
-1: Y→;� dhlhjh_ dZ`^hfm we_f_glm y∈< klZ\bl \ khhl\_lkl\b_ gZb[hevrbc

�khhl\_lkl\_ggh� gZbf_gvrbc� we_f_gl fgh`_kl\Z ^x∈X:m(x)≤y` �khhl\_lkl\_ggh� ^x∈X: y≤m(x)}).
>ey \kydh]h \iheg_ bahlhggh]h bg^mdlb\gh]h �khhl\_lkl\_ggh� ijh_dlb\gh]h� hlh[jZ`_gby bf_xl
f_klh ke_^mxsb_ khhlghr_gby�

m$m-1(y)≤y ∀y∈< �khhl\_lkl\_ggh� y ≤m$m-1(y) ∀y∈Y),  (1)
x ≤ m-1

$m(x)  ∀x∈; �khhl\_lkl\_ggh� P-1
$m(x)≤ x ∀x∈X).  (2)

I_j\h_ khhlghr_gb_ ke_^m_l g_ihkj_^kl\_ggh ba hij_^_e_gby mkeh\gh h[jZlgh]h

hlh[jZ`_gby� >hdZ`_f \lhjh_ khhlghr_gb_� Imklv x∈; b y=m([�� Lh]^Z x∈{x ′∈X: m(x′)≤ y)}
�khhl\_lkl\_ggh� x∈{x ′∈X: y≤m(x′�`�� LZd dZd P-1(\� ± gZb[hevrbc �khhl\_lkl\_ggh� gZbf_gvrbc�

we_f_gl fgh`_kl\Z ^x′∈X: m(x′)≤ \�`�khhl\_lkl\_ggh� ^x′∈X: y≤m(x′�`�� lh x≤m-1(y)=m-1
$m(x)≤x).

Mkeh\gh h[jZlgh_ hlh[jZ`_gb_ y\ey_lky bahlhgguf g_aZ\bkbfh hl lh]h� dZdbf y\ey_lky

bkoh^gh_ hlh[jZ`_gb_ ± \iheg_ bahlhgguf bg^mdlb\guf beb \iheg_ bahlhgguf ijh_dlb\guf�

>_ckl\bl_evgh� ^himklbf� qlh bkoh^gh_ hlh[jZ`_gb_ m:X→< y\ey_lky \iheg_ bahlhgguf

bg^mdlb\guf �khhl\_lkl\_ggh� ijh_dlb\guf� b \1≤y2� Lh]^Z ^x∈X:m(x)≤y1)} ⊆ {x∈X:m(x)≤y2}
�khhl\_lkl\_ggh� ^x∈X: y2≤m(x)} ⊆ {x∈X:y1≤m([�`�� AgZqbl� P-1(y1)≤ m-1(y2).

Ba khhlghr_gbc ��� ���� b bahlhgghklb mkeh\gh h[jZlguo hlh[jZ`_gbc \ul_dZ_l� qlh ^ey \k_o

y∈< kijZ\_^eb\u jZ\_gkl\Z P-1
$m$m-1(y)= m-1(y), m-1

$m$m-1(x)= m-1([�� >jm]bfb keh\Zfb� ^ey ex[h]h
[ ba mkeh\gh]h ijhh[jZaZ P-1�<� kijZ\_^eb\h jZ\_gkl\h

m-1
$m(x)= x,  (3)

Z ^ey ex[h]h \ ba h[jZaZ P�;� kijZ\_^eb\h jZ\_gkl\h

m$m-1(y)= y.  (4)
Ke_^h\Zl_evgh� km`_gb_ hlh[jZ`_gby P

-1
gZ fgh`_kl\h P�;� b km`_gb_ P gZ fgh`_kl\h m(Y)

y\eyxlky \aZbfgh h[jZlgufb hlh[jZ`_gbyfb�

Ij_^eh`_gb_ �� Imklv X,Y – qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� Hlh[jZ`_gb_ h:X→< y\ey_lky
\iheg_ bahlhgguf bg^mdlb\guf �khhl\_lkl\_ggh� ijh_dlb\guf� lh]^Z b lhevdh lh]^Z� dh]^Z

kms_kl\m_l bahlhggh_ hlh[jZ`_gb_ r:Y→X, m^h\e_l\hjyxs__ mkeh\byf�
h$r(y)≤y ∀y∈< �khhl\_lkl\_ggh y≤ h$r(y) ∀y∈Y),  (5)
x≤ r$h(x) ∀x∈; �khhl\_lkl\_ggh r$h(x)≤x ∀x∈X). (6)

Hlh[jZ`_gby U� m^h\e_l\hjyxs__ mkeh\byf ���� ��� b mkeh\gh h[jZlgh_ hlh[jZ`_gb_ K-1 kh\iZ^Zxl�

>hdZaZl_evkl\h� Imklv h:X→< ± \iheg_ bahlhggh_ bg^mdlb\gh_ �khhl\_lkl\_ggh� ijh_dlb\gh_�
hlh[jZ`_gb_� DZd ihdZaZgh \ur_� _]h mkeh\gh h[jZlgh_ hlh[jZ`_gb_ m^h\e_l\hjy_l mkeh\byf ��������

>himklbf� qlh kms_kl\m_l bahlhggh_ hlh[jZ`_gb_ r:X→Y, m^h\e_l\hjyxs__ mkeh\byf ��������
IhdZ`_f� qlh hlh[jZ`_gb_ y\ey_lky \iheg_ bahlhgguf bg^mdlb\guf �khhl\_lkl\_ggh� ijh_dlb\guf��

<u[_j_f ijhba\hevguc we_f_gl y∈< b jZkkfhljbf fgh`_kl\h ^x∈X:h(x)≤\` �khhl\_lkl\_ggh� ^x∈X:
y≤h([�`�� Ba ��� \ul_dZ_l� qlh wlh fgh`_kl\h kh^_j`bl we_f_gl r(y). K ^jm]hc klhjhgu� _keb x
ijbgZ^e_`bl wlhfm fgh`_kl\m� lh r$h(x)≤r(y� �khhl\_lkl\_ggh� r(y)≤r$h(y�� < kbem ��� bf__f x≤ r$h(x)≤
r(\� �khhl\_lkl\_ggh� r(y) ≤ r$h(x) ≤ [�� >jm]bfb keh\Zfb� we_f_gl r(\� y\ey_lky gZb[hevrbf

�khhl\_lkl\_ggh gZbf_gvrbf� we_f_glhf fgh`_kl\Z ^x∈X:h(x)≤y} {x ∈X: y≤h([�`�� Wlh hagZqZ_l� qlh
hlh[jZ`_gb_ K y\ey_lky \iheg_ bahlhgguf bg^mdlb\guf �khhl\� ijh_dlb\guf�� Ijb wlhf K

-1(y)=r(y).
<iheg_ Zglblhggu_ hlh[jZ`_gby� :glblhggh_ hlh[jZ`_gb_ m:X→< gZau\Z_lky \iheg_

Zglblhgguf bg^mdlb\guf (khhl\� \iheg_ Zglblhgguf ijh_dlb\guf�� _keb ^ey ex[h]h y∈Y
fgh`_kl\h ^x∈X: y≤m(x)} (khhl\� ^x∈X: m(x)≤y}) h[eZ^Z_l gZb[hevrbf �khhl\_lkl\_ggh

gZbf_gvrbf� we_f_glhf� ?keb aZf_gblv ihjy^hd \ < _]h ©h[jZlgufª ihjy^dhf� \1 % y2 ⇔ y2<y1� lh
\iheg_ Zglblhggh_ bg^mdlb\gh_ �khhl\_lkl\_ggh ijh_dlb\gh_� hlh[jZ`_gb_ klZgh\blky \iheg_

bahlhgguf ijh_dlb\guf �khhl\� bg^mdlb\guf�� Wlbf h[tykgy_lky l_kgZy k\yav k\hckl\ \iheg_

Zglblhgguo hlh[jZ`_gbc kh k\hckl\Zfb \iheg_ bahlhgguo hlh[jZ`_gbc� <kydh_ \iheg_ Zglblhggh_
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bg^mdlb\gh_ �khhl\� ijh_dlb\gh_� hlh[jZ`_gb_ m:X→< h[eZ^Z_l mkeh\gh h[jZlguf hlh[jZ`_gb_f

m-1: Y → ;� Hgh dZ`^hfm we_f_glm y∈< klZ\bl \ khhl\_lkl\b_ gZb[hevrbc �khhl\� gZbf_gvrbc�

we_f_gl fgh`_kl\Z ^x∈X: m(x) ≤\` �khhl\_lkl\_ggh ^x∈X: y≤m(x) `�� >ey \kydh]h \iheg_
Zglblhggh]h bg^mdlb\gh]h �ijh_dlb\gh]h� hlh[jZ`_gby bf_xl f_klh khhlghr_gby�

y≤m$m-1(y) ∀y∈Y(khhl\� m$m-1(y)≤y ∀y∈Y), (7)
x≤m-1

$m(x) ∀x∈Y(khhl\� P-1
$m(x)≤x ∀x∈X),  (8)

^\hckl\_ggu_ khhlghr_gbyf ��� b ���� Mkeh\gh h[jZlgh_ hlh[jZ`_gb_ y\ey_lky Zglblhgguf

g_aZ\bkbfh hl lh]h� dZdbf y\ey_lky bkoh^gh_ hlh[jZ`_gb_ ± bg^mdlb\guf beb ijh_dlb\guf� >ey

ex[h]h o ba mkeh\gh]h ijhh[jZaZ P-1�<� kijZ\_^eb\h jZ\_gkl\h ���� Z ^ey ex[h]h \ ba h[jZaZ m(X)
kijZ\_^eb\h jZ\_gkl\h ���� AgZqbl� dZd b ij_`^_� km`_gb_ hlh[jZ`_gby P-1 gZ fgh`_kl\h P�;� b

km`_gb_ P gZ fgh`_kl\h P-1�<� y\eyxlky \aZbfgh h[jZlgufb hlh[jZ`_gbyfb�

Ij_^eh`_gb_ �. Imklv ;�< ± qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� Hlh[jZ`_gb_ h : X→< y\ey_lky
\iheg_ Zglblhgguf bg^mdlb\guf �khhl\� ijh_dlb\guf� lh]^Z b lhevdh lh]^Z� dh]^Z kms_kl\m_l

Zglblhggh_ hlh[jZ`_gb_ r : X→<� m^h\e_l\hjyxs__ mkeh\byf :
y≤h$r(y) ∀y∈Y(khhl\� h$r(y)≤y ∀y∈Y),                (9)

x≤r$h(x) ∀x∈Y(khhl\� r$h(x)≤x ∀x∈X),                (10)
Hlh[jZ`_gby U� m^h\e_l\hjyxs__ mkeh\byf �������� b mkeh\gh h[jZlgh_ hlh[jZ`_gb_ K

-1

kh\iZ^Zxl�
>hdZaZl_evkl\h wlh]h ij_^eh`_gby e_]dh ihemqblv� hkms_kl\b\ ehdZevgu_ baf_g_gby \

^hdZaZl_evkl\_ ij_^eh`_gby ��

Ij_^eh`_gb_ �� Imklv ;�<�$�% ± qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� m : A→; ±\iheg_ bahlhggh_
bg^mdlb\gh_ �ijh_dlb\gh_� hlh[jZ`_gb_�

 h : X→< ± \iheg_ Zglblhggh_ bg^mdlb\gh_ �ijh_dlb\gh_� hlh[jZ`_gb_�

η : A→% ± \iheg_ Zglblhggh_ ijh_dlb\gh_ �bg^mdlb\gh_� hlh[jZ`_gb_�

BA

nm

Y
h

X

η
→

↑↑
→

Dhfihabpby n=h$m$η-1 ij_^klZ\ey_l kh[hc \iheg_ bahlhggh_ ijh_dlb\gh_ �bg^mdlb\gh_�

hlh[jZ`_gb_� ?]h mkeh\gh h[jZlgh_ hlh[jZ`_gb_ kh\iZ^Z_l k η$m-1
$h-1.

>hdZaZl_evkl\h� Ij_`^_ \k_]h� mkeh\gh h[jZlgh_ hlh[jZ`_gb_ K
-1
hij_^_e_gh gZ fgh`_kl\_ <�

mkeh\gh h[jZlgh_ hlh[jZ`_gb_ P
-1
hij_^_e_gh gZ fgh`_kl\_ ;� agZqbl� hlh[jZ`_gb_ Q hij_^_e_gh gZ

fgh`_kl\_ <� Hlh[jZ`_gby K
-1,η y\eyxlky Zglblhggufb� Z hlh[jZ`_gb_ P-1

y\ey_lky bahlhgguf�
agZqbl� hlh[jZ`_gb_ Q y\ey_lky bahlhgguf� HklZehkv m[_^blky \ lhf� qlh hlh[jZ`_gb_ Q y\ey_lky

\iheg_ bahlhgguf ijh_dlb\guf �khhl\� bg^mdlb\guf�� Imklv y∈< b by=η$m-1
$h-1(y)∈<� GZf

^hklZlhqgh ihdZaZlv� \h�i_j\uo� qlh y≤n(by) (khhl\� n(by)≤\�� b� \h�\lhjuo� qlh mkeh\by b∈B, y≤n(b)
(khhl\� n(b)≤\� \e_dml \uihegbfhklv g_jZ\_gkl\Z by≤b (khhl\� b≤by�� Ij_`^_ \k_]h� ba hij_^_e_gby

hlh[jZ`_gby Q \ul_dZ_l� qlh η-1(by)=(η-1
$η)$m-1

$h-1(\�� Ba khhlghr_gby ��� \ul_dZ_l� qlh η-1(by) ≤ m-

1
$h-1(\� �khhl\_lkl\_ggh� P-1

$h-1(y)≤η-1(by��� AgZqbl� m$η-1(by) ≤ (m$m-1) $h-1(\� �khhl\_lkl\_ggh� �m$ m-

1) $h-1(y) ≤ m$η-1(by��� < kbem khhlghr_gby ��� m$η-1(by) ≤ h-1(\� �khhl\_lkl\_ggh� K-1(y) ≤m$η-1(by)).
AgZqbl� h$h-1(y) ≤ h $ m$η-1(by� �khhl\_lkl\_ggh� h $ m$η-1(by) ≤h$h-1(\��� GZ hkgh\Zgbb ��� ^_eZ_f

\u\h^� qlh y ≤ h $ m$η-1(by� �khhl\_lkl\_ggh� h $ m$η-1(by) ≤ \�� l�_� y ≤ n(by� �khhl\_lkl\_ggh� n(by) ≤
\�� L_f kZfuf� i_j\h_ ml\_j`^_gb_ ^hdZaZgh� I_j_c^_f d ^hdZaZl_evkl\m \lhjh]h� Imklv b∈B, y≤n(b)
(khhl\� n(b)≤\�� Lh]^Z �K-1 $ h) $ m$η-1(b) ≤ h-1(\� �khhl\_lkl\_ggh� K-1(y) ≤ (h-1 $ h) $ m$η-1(E��� < kbem ���

bf__f m$η-1(b) ≤ h-1(\� �khhl\_lkl\_ggh� K-1(y)≤m$η-1(E��� agZqbl� �P-1
$ m) $ η-1(b)≤ m-1

$h-1(y)
�khhl\_lkl\_ggh� P-1

$h-1(y) ≤ (m-1
$ m) $ η-1(E��� < kbem g_jZ\_gkl\ ���� ihemqZ_f η-1(b)≤ m-1

$h-1(y)
�khhl\_lkl\_ggh� P-1

$h-1(y) ≤ $ η-1(E��� Hlkx^Z \ul_dZ_l� qlh η$m-1
$h-1(y) ≤ (η$η-1)(b) (khhl\� �η$η-

1)(b)≤η $m-1
$h-1(\��� GZdhg_p� ba ��� \ul_dZ_l g_jZ\_gkl\h η$m-1

$h-1(y) ≤ b (khhl\� b≤η$m-1
$h-1(\��� l�_�

by≤b (khhl\� b≤by�� Ij_^eh`_gb_ ^hdZaZgh�
Ij_^eh`_gb_ �� Imklv ;�< ± qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� Ihjy^dh\uc bahfhjnbaf

�ihjy^dh\uc Zglbbahfhjnbaf� h : X→< y\ey_lky \iheg_ bahlhgguf �\iheg_ Zglblhgguf�
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bg^mdlb\guf b \iheg_ bahlhgguf �\iheg_ Zglblhgguf� ijh_dlb\guf hlh[jZ`_gb_f
h^gh\j_f_ggh� ?]h mkeh\gh h[jZlgh_ hlh[jZ`_gb_ kh\iZ^Z_l k h[jZlguf�

>hdZaZl_evkl\h� Hlh[jZ`_gb_ r : Y → ;� h[jZlgh_ d h : X→Y � y\ey_lky bahlhgguf �khhl\�
Zglblhgguf�� HklZevgh_ \ul_dZ_l ba ij_^eh`_gby � �khhl\� ba ij_^eh`_gby ���

Bg^mdlb\gh_ hibkZgb_� Imklv ;� $λ, λ∈Λ� ± qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� mλ : Aλ→X –
\iheg_ bahlhggu_ bg^mdlb\gu_ hlh[jZ`_gby� <u^_ebf \ O ijhba\hevguc we_f_gl o

#
�bg^mdlb\guc

mgb\_jkZevguc h[t_dl� b h[hagZqbf O
#
± kh\hdmighklv \k_o we_f_glh\ ba O� ih^qbg_gguo we_f_glm

o
#
� Imklv Z

#
λ∈Αλ ± mkeh\guc ijhh[jZa mλ

-1(x#
� �bg^mdlb\guc we_f_gl o

#
\ :λ�� Ij_^iheh`bf� qlh

we_f_gl x#
^himkdZ_l bg^mdlb\gh_ �\gmlj_gg__� hibkZgb_� lhqg__� k\yaZg k we_f_glZfb Z

#
λ

khhlghr_gb_f x#=F(mλ� Z
#

λ) : λ∈Λ�� ]^_ F : XΛ→; ± g_dhlhjh_ hlh[jZ`_gb_ �aZdhg bg^mdlb\gh]h

\hkklZgh\e_gby�� OΛ – ^_dZjlh\Z kl_i_gv O� =h\hjbf� qlh we_f_gl x ∈ O
# ^himkdZ_l bg^mdlb\gh_

hibkZgb_� _keb bf__l f_klh khhlghr_gb_

x =F(mλ� Zλ) : λ∈Λ),
]^_ Zλ = mλ

-1 ([� ± bg^mdlb\guc we_f_gl [ \ $λ .
Ijh_dlb\gh_ hibkZgb_. Imklv <�%λ,λ ∈Λ� � qZklbqgh mihjy^hq_ggu_ fgh`_kl\Z� nλ : Bλ→Υ � \iheg_

bahlhggu_ ijh_dlb\gu_ hlh[jZ`_gby� <u^_ebf \ Υ ijhba\hevguc we_f_gl y#
�ijh_dlb\guc

mgb\_jkZevguc h[t_dl� b h[hagZqbf Υ#
� kh\hdmighklv \k_o we_f_glh\ Υ� ih^qbgyxsbo we_f_gl y#.

Imklv b#
λ ± mkeh\guc ijhh[jZa Q-1

λ(y
#
� �ijh_dlb\guc we_f_gl m

#
\ <λ�� Ij_^iheh`bf� qlh

mgb\_jkZevguc h[t_dl m
#
k\yaZg k ijh_dlb\gufb we_f_glZfb b#

λ khhlghr_gb_f y#=G(nλ(b
#

λ) : λ∈Λ),
]^_ G : YA→Υ ± g_dhlhjh_ hlh[jZ`_gb_ �aZdhg ijh_dlb\gh]h \hkklZgh\e_gby�� <A ± ^_dZjlh\Z

kl_i_gv Υ� =h\hjbf� qlh we_f_gl y ∈ Y# ^himkdZ_l ijh_dlb\gh_ hibkZgb_� _keb bf__l f_klh

khhlghr_gb_ y=G(nλ(bλ) : λ∈Λ�� ]^_ bλ=n-1
λ(\� ± ijh_dlb\guc we_f_gl \ \ %λ.

H^ghklhjhggbc ^\hckl\_gguc i_j_oh^� Imklv Λ ± fgh`_kl\h� ;� $λ, λ∈Λ� ± qZklbqgh

mihjy^hq_ggu_ fgh`_kl\Z� mλ: Aλ →X λ∈Λ� \iheg_ bahlhggu_ bg^mdlb\gu_ �khhl\_lkl\_ggh

ijh_dlb\gu_� hlh[jZ`_gby� <u^_ebf \ X mgb\_jkZevguc h[t_dl x#
� k\yaZgguc kh k\hbfb

bg^mdlb\gufb �khhl\_lkl\_ggh ijh_dlb\gufb� we_f_glZfb a#
λ=m-1

λ(x
#
� khhlghr_gb_f

x# =F(mλ( a
#

λ):λ∈Λ),
]^_ F:XΛ →; ± g_dhlhjuc aZdhg bg^mdlb\gh]h �khhl\_lkl\_ggh� ijh_dlb\gh]h � \hkklZgh\e_gby� Wlhl

h[t_dl bgbpbbjm_l dhgdj_lgmx aZ^Zqm bg^mdlb\gh]h �khhl\_lkl\_ggh� ijh_dlb\gh]h� hibkZgby�

Imklv <�%λ, λ∈Λ� ± \iheg_ Zglblhggh_ bg^mdlb\gh_ �khhl\_lkl\_ggh� ijh_dlb\gh_�

hlh[jZ`_gb_� ηλ: Aλ → Bλ , λ∈Λ� ± \iheg_ Zglblhggu_ ijh_dlb\gu_ �khhl\_lkl\_ggh� bg^mdlb\gu_�
hlh[jZ`_gby� GZdeZ^u\Zy h]jZgbq_gby gZ \u[hj hlh[jZ`_gbc K b ηλ, λ∈Λ� [m^_f kqblZlv� qlh
\uiheg_gu ke_^mxsb_ mkeh\by�

�� mgb\_jkZevguc h[t_dl x#
e_`bl \ mkeh\ghf ijhh[jZa_ K-1(Y);

2) F((h-1(Y)))A) ⊆ h-1(Y);
3) m-1

λ(h
-1(Y)) ⊆ η-1

λ(Bλ).
Dhfihabpby G = h $ F$H-1 hkms_kl\ey_l hlh[jZ`_gb_ <A \ <� < kbem ���� ba mkeh\by �� \ul_dZ_l� qlh

h-1 $ G = F$H-1    (11)
gZ fgh`_kl\_ <A b

h $ F = G$H  (12)
gZ fgh`_kl\_ �K-1(Y))A� ]^_ + : XΛ→ YΛ

± hlh[jZ`_gb_� dhlhjh_ ijhba\hevghfm we_f_glm �xλ)∈ XA

klZ\bl \ khhl\_lkl\b_ we_f_gl �yλ)∈ YA, yλ=h(xλ), H-1: YA→ (h-1(Y))A⊆ XΛ
± hlh[jZ`_gb_� dhlhjh_

ijhba\hevghfm we_f_glm �yλ)∈ YA klZ\bl \ khhl\_lkl\b_ we_f_gl �xλ)∈ XA, xλ=h-1(yλ).
Iheh`bf m

#=h-1(x#), nλ= h $ mλ$η-1
λ, b

#
λ= n-1

λ�m
#
�� Ih ij_^eh`_gbx � hlh[jZ`_gb_ nλ y\ey_lky

\iheg_ bahlhgguf �khhl\_lkl\_ggh� ijh_dlb\guf��

λ
λ

λ

λλ

η
BA

nm

Y
h

X

→
↑↑

→
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?]h mkeh\gh h[jZlgh_ hlh[jZ`_gb_ kh\iZ^Z_l k dhfihabpb_c Q-1
λ=η$ m-1

λ$ h-1� Ijb wlhf

a#
λ=m1

λ(x
#)= m-1

λ$ (h
-1 $h ) (x#)=(η-1

λ$ηλ)$ m
-1

λ$h
-1�m

#)=η-1
λ(b

#
λ),

m
#=h(x#)=h $ F(mλ� Z

#
λ) : λ∈Λ)= G$H(mλ� Z

#
λ) : λ∈Λ)=G(h $ mλ$η-1

λ(b
#

λ): = λ∈Λ)=G(nλ(b
#

λ): λ∈Λ).
LZdbf h[jZahf� we_f_gl m

#
fh`gh jZkkfZljb\Zlv dZd mgb\_jkZevguc h[t_dl� bgbpbbjmxsbc

aZ^Zqm ijh_dlb\gh]h �khhl\_lkl\_ggh bg^mdlb\gh]h� hibkZgby� k aZdhghf \hkklZgh\e_gby G.
Ba mkeh\by x# ∈h-1�<� \ul_dZ_l� qlh ^ey m

#=h(x#
� \uiheg_gh x#=h-1(y#

�� Ijb wlhf� hlh[jZ`_gby h
b K-1 y\eyxlky Zglb]hggufb� AgZqbl \dexq_gb_ x# ∈X#

\e_q_l \dexq_gb_ h(x#) ∈Y#
� Z \dexq_gb_ y#

∈Y#
\e_q_l \dexq_gb_ K-1(y) ∈X#

� Wlh hagZqZ_l� qlh bf__l f_klh h^ghklhjhggbc ijbgpbi
^\hckl\_gghklb�

h(X#)⊆ Y#, h-1(Y#)⊆ X#.
Ko_fZ ^\hckl\_gghklb �h^ghklhjhggyy�� We_f_gl x# ∈h-1(Y)⊆ X# ^himkdZ_l bg^mdlb\gh_

�khhl\_lkl\_ggh � ijh_dlb\gh_� hibkZgb_ lh]^Z b lhevdh lh]^Z� dh]^Z we_f_gl m h(x)⊆ Y#

^himkdZ_l ijh_dlb\gh_ �khhl\_lkl\_ggh� bg^mdlb\gh_� hibkZgb_�

>hdZaZl_evkl\h� Ba khhlghr_gbc bλ= n-1
λ(y)= n-1

λ$h(x)= ηλ$ m
-1

λ$ ( h
-1
$h)(x)= ηλ$ m

-1
λ([� \ul_dZ_l� qlh

bg^mdlb\guc �khhl\_lkl\_ggh� ijh_dlb\guc� we_f_gl \ \ %λ b ijh_dlb\guc �khhl\_lkl\_ggh�

bg^mdlb\guc� we_f_gl [ \ $λ k\yaZgu khhlghr_gb_f bλ= ηλ(aλ�� ?keb we_f_gl [ ^himkdZ_l

bg^mdlb\gh_ �khhl\_lkl\_ggh� ijh_dlb\gh_ hibkZgb_�� lh \ kbem ���� bf__f m h(x)=h • F(mλ�Zλ) :
λ∈Λ) = G$H(mλ� Zλ) : λ∈Λ) = G(h $ mλ$ (η-1

λ$ηλ)(aλ):  λ∈Λ)=G(nλ$ηλ(aλ):λ∈Λ) = G(nλ(bλ): λ∈Λ).
Ke_^h\Zl_evgh� we_f_gl \ ^himkdZ_l ijh_dlb\gh_ �bg^mdlb\gh_� hibkZgb_� K ^jm]hc klhjhgu�

_keb we_f_gl \ ^himkdZ_l ijh_dlb\gh_ �bg^mdlb\gh_� hibkZgb_� lh \ kbem ���� bf__f

x=(h-1
$h)(x)=h-1(y)=h-1 $ G(nλ(bλ) : λ∈Λ) = F$H-1(nλ(bλ) : λ∈Λ) = F(h-1 $ nλ$ηλ(aλ): λ∈Λ)=G(mλ(aλ): λ∈Λ).
AgZqbl� we_f_gl [ ^himkdZ_l bg^mdlb\gh_ �ijh_dlb\gh_� hibkZgb_� Ij_^eh`_gb_ ^hdZaZgh�

>\moklhjhggbc ^\hckl\_gguc i_j_oh^� Imklv O� <� $λ, Bλ, λ∈Λ�± qZklbqgh mihjy^hq_ggu_

fgh`_kl\Z� mλ : Aλ→Χ, λ∈Λ� ± \iheg_ bahlhggu_ bg^mdlb\gu_ hlh[jZ`_gby� nλ : Y→Bλ, λ∈Λ, –
\iheg_ bahlhggu_ ijh_dlb\gu_ hlh[jZ`_gby� h : X→Y, ηλ : Aλ→Bλ, λ∈Λ� ± ihjy^dh\u_

Zglbbahfhjnbafu� <u^_ebf \ O mgb\_jkZevguc h[t_dl o
#
� bgbpbbjmxsbc aZ^Zqm bg^mdlb\gh]h

hibkZgby� k aZdhghf \hkklZgh\e_gby F : XΛ→;� Z \ < \u^_ebf mgb\_jkZevguc h[t_dl y#,
bgbpbbjmxsbc aZ^Zqm ijh_dlb\gh]h hibkZgby� k aZdhghf \hkklZgh\e_gby G : YΛ→<� KqblZ_f� qlh o#

b y#
k\yaZgu mkeh\b_f y#=h(o#

�� Wlh mkeh\b_ ]ZjZglbjm_l \uiheg_gb_ ^\moklhjhgg_]h ijbgpbiZ
^\hckl\_gghklb�

h(X#)=Y#, h-1(Y#)=X#.
AgZqbl� km`_gb_ hlh[jZ`_gby K gZ fgh`_kl\h ;

#
y\ey_lky ihjy^dh\uf Zglbbahfhjnbafhf�

mklZgZ\eb\Zxsbf \aZbfgh h^ghagZqgh_ khhl\_lkl\b_ f_`^m we_f_glZfb� ih^qbg_ggufb o
#
� b

we_f_glZfb� ih^qbgyxsbfb m
#.

?keb ^bZ]jZffu

            

λ
λ

λ

λλ

η
BA

nm

Y
h

X

→
↑↑

→
                                               

∧∧ →
↑↑

→

Y
H

X

GF

Y
h

X

dhffmlZlb\gu� lh _klv hlh[jZ`_gby h, mλ, nλ, ηλ k\yaZgu mkeh\b_f h$ mλ=nλ$ ηλ�Z hlh[jZ`_gby h, F,
G� + k\yaZgu mkeh\b_f h$F=G$+� lh hdZau\Z_lky kijZ\_^eb\uf ke_^mxs__ ij_^eh`_gb_�

Ko_fZ ^\hckl\_gghklb �^\moklhjhggyy�� We_f_gl o∈O# ^himkdZ_l bg^mdlb\gh_ hibkZgb_ lh]^Z b

lhevdh lh]^Z� dh]^Z we_f_gl y=h(x)∈Y# ^himkdZ_l ijh_dlb\gh_ hibkZgb_�
>hdZaZl_evkl\h� DhffmlZlb\ghklv hlf_q_gguo \ur_ ^bZ]jZff \e_q_l \uiheg_gb_ ke_^mxsbo

khhlghr_gbc nλ= hλ$ mλ $ ηλ
-1, G = h$F$H-1� >_ckl\bl_evgh�

nλ=nλ$ (ηλ$ηλ
-1)= hλ$ mλ $ ηλ

-1, G = G $ (H$H-1)= h$F$H-1.
Wlb khhlghr_gby iha\heyxl aZ\_jrblv ^hdZaZl_evkl\h kkuedhc gZ h^ghklhjhggxx ko_fm

^\hckl\_gghklb� ^hdZaZggmx \ur_�
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Eb l _ j Z l m j Z

1.W^\Zj^k J� NmgdpbhgZevguc ZgZeba� L_hjby b ijbeh`_gby� ±F��Fbj� �����

2. Ihgljy]bg E�K� G_ij_ju\gu_ ]jmiiu� ±F�� GZmdZ� �����

3. DjZkbqdh\�L_jgh\kdbc B�N� Bg\ZjbZglgu_ ih^ijhkljZgkl\Z ZgZeblbq_kdbo nmgdpbc� ��

Ki_dljZevguc kbgl_a gZ \uimdeuo h[eZklyo // FZl� k[� ����� L� �������� K� ��� ± ����
4. DjZkbqdh\�L_jgh\kdbc B�N� Ki_dljZevguc kbgl_a \ dhfie_dkghc h[eZklb ^ey ^bnn_j_gpbZevgh]h
hi_jZlhjZ k ihklhyggufb dhwnnbpb_glZfb� �� L_hj_fZ ^\hckl\_gghklb // FZl� k[� ����� L� ���� Ν 11
K� ���� ± �����

5. Rbrdbg :�;� Ki_dljZevguc kbgl_a ^ey kbkl_f ^bnn_j_gpbZevguo hi_jZlhjh\ k ihklhyggufb

dhwnnbpb_glZfb // >:G J:G� ���� Ν �� ����� K� �� ± ���
6. Rbrdbg :�;� Ki_dljZevguc kbgl_a ^ey kbkl_f ^bnn_j_gpbZevguo hi_jZlhjh\ k ihklhyggufb

dhwnnbpb_glZfb� L_hj_fZ ^\hckl\_gghklb // FZl� k[� ����� L� ����� � K� ��� ± ����

Inductive and projective description the pattern o f dual

A.B. Shishkin, N.N. Shevcov

In article unified the mathematical base of familiar reciprocal theorems is constructed.


