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:jfZ\bjkdbc ]hkm^Zjkl\_gguc i_^Z]h]bq_kdbc bgklblml� :jfZ\bj�

K ihfhsvx l_hj_fu :�DZjlZgZ \uqbke_gu ihebghfu ImZgdZj_ \_s_kl\_gguo jbfZgh\uo

h^ghjh^guo ijhkljZgkl\ SU(N)/SU(3)� ]^_ \eh`_gb_ SU(3)→ SU(N) aZ^Zgh ijhba\hevguf

g_ijb\h^bfuf ij_^klZ\e_gb_f�

��GZihfgbf� qlh \kydh_ jbfZgh\h h^ghjh^gh_ ijhkljZgkl\h 0 k aZ^Zgguf ljZgablb\guf

^_ckl\b_f ]jmiiu * hlh`^_kl\ey_lky k fgh`_kl\hf deZkkh\ kf_`ghklb *�+ ]jmiiu * ih

ih^]jmii_ +� y\eyxs_cky klZ[bebaZlhjhf nbdkbjh\Zgghc lhqdb x∈0� k ihfhsvx [b_dpbb y↔ gH,
gH∈G/H, y∈0� ]^_ J ± ijhba\hevguc we_f_gl ba G:gx=\� =jmiiZ * gZau\Z_lky ]jmiihc ^\b`_gbc� +
± klZpbhgZjgZy ih^]jmiiZ� Fu jZkkfZljb\Z_f kemqZc k\yaguo dhfiZdlguo ]jmii Eb * b +�

klZpbhgZjgZy ih^]jmiiZ + 68��� j_Zebah\ZgZ g_ijb\h^bfuf ij_^klZ\e_gb_f gZbf_gvr_c

jZaf_jghklb ϕ kh ko_fhc >ugdbgZ
OS

$$− � ]jmiiZ ^\b`_gbc y\ey_lky ebg_cghc ]jmiihc * 68�1��

^_ckl\mxs_c \ ijhkljZgkl\_ ij_^klZ\e_gby ϕ, N=dimϕ� l�_� 68�1� aZ^ZgZ ij_^klZ\e_gb_f
gZbf_gvr_c jZaf_jghklb �g_ljb\bZevguf��

< jZ[hl_ H�<�FZglmjh\Z >�@ bamqZebkv jbfZgh\u h^ghjh^gu_ ijhkljZgklZ� m dhlhjuo

klZpbhgZjgZy ih^]jmiiZ 68�Q� ^_ckl\m_l \ ijhkljZgkl\_ kbff_ljbq_kdbo beb dhkhkbff_ljbq_kdbo

l_gahjh\� Z ]jmiihc ^\b`_gbc y\ey_lky ebg_cgZy ]jmiiZ 68�1�� ^_ckl\mxsZy khhl\_lkl\_ggh \

mdZaZgguo ijhkljZgkl\Zo l_gahjh\� >ey wlbo h^ghjh^guo ijhkljZgkl\ gZc^_gu ihebghfu ImZgdZj_

�ihebghfhf ImZgdZj_ fgh]hh[jZab_f 0 gZau\Z_lky kmffZ ,),( λ

λ
λ tbtMP ∑= ]^_ λ≥0, t –

nhjfZevgZy i_j_f_ggZy� bλ ± qbkeZ ;_llb�� J_amevlZlu H�<�FZglmjh\Z [m^ml gZfb bkihevah\Zlvky�
Hkgh\ghc j_amevlZl klZlvb khklhbl \ ke_^mxs_f ml\_j`^_gbb�

L_hj_fZ �� Ihebghf ImZgdZj_ h^ghjh^gh]h ijhkljZgkl\Z G/H , ]^_ G=SU(N), H=SU(3�� ]jmiiZ SU(3)
\eh`_gZ \ SU(N)  k ihfhsvx ebg_cgh]h g_ijb\h^bfh]h ij_^klZ\e_gby ϕ, jZ\_g qZklghfm hl ^_e_gby

ihebghfZ ImZgdZj_ ]jmiiu SU(N) gZ ihebghf ImZgdZj_ ih^]jmiiu SU(3), _keb ij_^klZ\e_gb_ ϕ
klZpbhgZjghc ih^]jmiiu g_ y\ey_lky kZfhdhgljZ]jZ^b_glguf� \ ijhlb\ghf kemqZ_ hg bf__l \b^
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>hdZaZl_evkl\h l_hj_fu � khklhbl ba ^\mo qZkl_c� \ i�� ^hdZau\Z_lky i_j\Zy qZklv ±

jZkkfZljb\Z_lky kemqZc� dh]^Z ij_^klZ\e_gb_ ϕ g_ y\ey_lky kZfhdhgljZ]jZ^b_glguf �p ≠ O�� \ i�� ±

\lhjZy qZklv ± jZkkfZljb\Z_lky kemqZc kZfhdhgljZ]j_^b_glgh]h ϕ /p=O�� < i�� ih^]hlZ\eb\Z_lky
ZiiZjZl�

�� Hkgh\guf f_lh^hf \uqbke_gby \_s_kl\_gguo dh]hfheh]bc h^ghjh^guo ijhkljZgkl\ *�+

k\yaguo dhfiZdlguo ]jmii Eb * b + y\ey_lky aZf_qZl_evgZy l_hj_fZ :�DZjlZgZ� d nhjfmebjh\d_

dhlhjhc fu k_cqZk ijbklmibf�

Imklv71,T2,...,TN ± dhhj^bgZlu dZjlZgh\kdhc ih^Ze]_[ju ]jmiiu Eb 8�1�� W1,t2,...,tN ± lh `_ ^ey

]jmiiu 8Q�� < ]jmii_ 8�1� _kl_kl\_ggh e_`bl * 68�1� ± ]jmiiZ ^\b`_gbc� Z \ 8�Q� ± klZpbhgZjgZy

ih^]jmiiZ * 68��� gZrbo h^ghjh^guo ijhkljZgkl\� Q_j_a +�*� h[hagZqbf Ze]_[jm dh]hfheh]bc k

\_s_kl\_ggufb dhwnnbpb_glZfb ]jmiiu Eb *� q_j_a 6H ± Ze]_[jm kbff_ljbq_kdbo ihebghfh\ hl

i_j_f_gguo W1,t2,...,tN� Ijb ex[hf \eh`_gbb N ih^]jmiiu 8�Q� \ ]jmiim 8�1�� N aZ^Z_l \ujZ`_gb_

\_kh\ Ti ij_^klZ\e_gby N� L ��������1 \ \b^_ ebg_cguo nmgdpbc hl tj, j=1,2,...,n:
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lZd dZd fZdkbfZevguc lhj ]jmiiu 8�Q� \deZ^u\Z_lky \ fZdkbfZevguc lhj ]jmiiu 8�1�� Ijb

\eh`_gbyo ]jmiiu 68�Q� \ ]jmiim 68�1� nhjfmem ��� b ihke_^mxsb_ \uqbke_gby [m^_f

jZkkfZljb\Zlv k mq_lhf lh]h� qlh .0,0 == ∑∑
j

j
i

i tT

DZ`^hfm h[jZamxs_fm we_f_glm ;∈+�8�1�� khhl\_lkl\m_l hij_^_e_gguc kbff_ljbq_kdbc
fgh]hqe_g 5�;� hl i_j_f_gguo 71,T2,...,TN� bg\ZjbZglguc hlghkbl_evgh ]jmiiu <_cey ]jmiiu 8�1��

Q_j_a N5�;� h[hagZqbf hl i_j_f_gguo W1,t2,...,tN� ihemq_gguc ba 5�;�� ih^klZgh\dhc ����

bg\ZjbZglguc hlghkbl_evgh ]jmiiu <_cey ]jmiiu 8�n).
JZkkfhljbf l_gahjgh_ ijhba\_^_gb_ 6H⊗+�*� & gZ^ ihe_f \_s_kl\_gguo qbk_e� <\_^_f \ g_]h
]jZ^mbjh\dm� iheh`b\

D(ρ⊗X)=2dimρ+dimX , (2)
]^_ dimρ ± kl_i_gv h^ghjh^gh]h kbff_ljbq_kdh]h fgh]hqe_gZ ρ, GLP; ± jZaf_jghklv h^ghjh^gh]h
deZkkZ dh]hfheh]bc ;� >_ckl\b_ ^bnn_j_gpbZeZ G \ Ze]_[j_ & hij_^_ebf mkeh\b_f

d(ρ⊗1)=0, d(1⊗X)=N5�;�⊗1. (3)
Lh]^Z Ze]_[jZ & y\ey_lky ^bnn_j_gpbZevghc� ]jZ^mbjh\Zgghc b gZau\Z_lky Ze]_[jhc

:�DZjlZgZ�
L_hj_fZ �:�DZjlZg�� :e]_[jZ dh]hfheh]bc +�*�+� h^ghjh^gh]h ijhkljZgkl\Z *�+

dhfiZdlguo ]jmii * b + bahfhjngZ Ze]_[j_ dh]hfheh]bc Ze]_[ju K�

Ohjhrh ba\_klgh� qlh Ze]_[jZ dh]hfheh]bc +�68�1�� y\ey_lky \g_rg_c Ze]_[jhc

Λ{X 3,X5,...,X2N-1̀ hl h[jZamxsbo ;3,X5,...,X2N-1 kl_i_g_c ��������1�� khhl\_lkl\_ggh� DZ`^hfm we_f_glm
X2s-1, V ��������1 khhl\_lkl\m_l kbff_ljbq_kdbc ihebghf kl_i_gb s:
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>ey ijbf_g_gby l_hj_fu :�DZjlZgZ gZ^h mf_lv hibku\Zlv ^_ckl\b_ ^bnn_j_gpbZeZ G \

Ze]_[j_ :�DZjlZgZ &� LZdh_ hibkZgb_ m^h[gh ^_eZlv \ l_jfbgZo dhwnnbpb_glh\ >ugdbgZ� GZihfgbf

bo hij_^_e_gby�

Imklv ϕ ± ijhba\hevghc \eh`_gb_ ]jmiiu + 68�Q� \ ]jmiim * 68�1�� < Ze]_[j_ 6H \f_klh
we_f_glZjguo kbff_ljbq_kdbo ihebghfh\ ijbf_f aZ h[jZamxsb_ ihebghfu GvxlhgZ
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s
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b jZkkfhljbf \lhjmx ba nhjfme ��� gZ we_f_gl_ �⊗X2s-1:
d(1⊗X2s-1)= ϕ *R(X2s-1)⊗1, s=2,3,...,n.

H[hagZqbf q_j_a Ik b^_Ze� gZlygmluc gZ ρ1, ρ2,..., ρn� Bf__f

ϕ *R(X2s-1)≡Cs(ϕ)ρsmodIs-1, s=2,3,...,n. (5)
NhjfmeZ ��� \u^_ey_l ϕ *R(X2s-1� g_jZaeh`bfmx qZklv ± qe_g Csρs� Dhwnnbpb_glu Cs(ϕ),

s=2,3,...,Q gZau\Zxl dhwnnbpb_glZfb >ugdbgZ ij_^klZ\e_gby ϕ.
Ba l_hj_fu :�DZjlZgZ \ul_dZ_l� qlh� _keb dhwnnbpb_glu >ugdbgZ g_ jZ\gu gmex� lh

hlh[jZ`_gb_ ϕ*:H*(SU(N)) → H*(SU(Q�� _klv wibfhjnbaf� l�_� ]jmiiZ + 68�Q� \iheg_
g_]hfheh]bqgZ gmex \ ]jmii_ * 68�1�� kl_i_gb h[jZamxsbo we_f_glh\ \ Ze]_[j_ +�&� g_ljm^gh

hlukdZlv� b ihebghf ImZgdZj_ h^ghjh^gh]h ijhkljZgkl\Z *�+ ihemqZ_lky ^_e_gb_f ihebghfZ

ImZgdZj_ ]jmiiu * gZ ihebghf ImZgdZj_ ih^]jmiiu +�

Dhwnnbpb_glu >ugdbgZ m^h\e_l\hjyxl khhlghr_gbyf

Cs(Φ+Ψ)= Cs(Φ)+Cs(Ψ), (6)
Cs(Φ⊗Ψ)= Cs(Φ)dimΨ⊗Cs(Ψ)dimΦ,  (7)

b fh]ml [ulv gZc^_gu \ y\ghf \b^_�

GZf ihgZ^h[blky \kihfh]Zl_evguc nZdl ba l_hjbb ij_^klZ\e_gbc� ke_^mxsbc ba jZaeh`_gby

l_gahjguo ijhba\_^_gbc ij_^klZ\e_gbc ijhkluo ]jmii Eb lbiZ $2 \ kmffm g_ijb\h^bfuo

dhfihg_gl�

,
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ijb p>O� Lh]^Z l_gahjgh_ ijhba\_^_gb_
lP

$$$$ −⊗− ij_^klZ\e_gbc ]jmiiu Eb 68��� kh ko_fZfb

>ugdbgZ
lP

$$$$ −− b fh`gh aZibkZlv \ \b^_

.
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I_j_c^_f l_i_jv d ^hdZaZl_evkl\m l_hj_fu , �

�� Imklv ij_^klZ\e_gb_ ϕ ih^]jmiiu 68 ��� g_ y\ey_lky kZfhdhgljZ]j_^b_glguf� Ba\_klgZ

nhjfmeZ [1] ^ey ih^kq_lZ dhwnnbpb_glh\ >ugdbgZ ij_^klZ\e_gby ϕ \ ijhkljZgkl\_ kbff_ljbq_kdbo
S ± \Ze_glguo l_gahjh\� ij_^klZ\bf __ \ m^h[ghf gZf \b^_�
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knK 1−+ � dhwnnbpb_glu [bghfZ GvxlhgZ� Ijbf_gbl_evgh d gZr_fm kemqZx ��� ijbf_l \b^
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Nhjfmeu ���� ���� kijZ\_^eb\u ijb np ≥ b 3≥p khhl\_lkl\_ggh� <uqbke_gby [m^_f

ijh\h^blv� mqblu\Zy wlh aZf_qZgb_�

Mkeh\bfky h[hagZqZlv� ]^_ ihlj_[m_lky� ij_^klZ\e_gb_ khhl\_lkl\mxs_c _c ko_fhc >ugdbgZ b

hlf_lbf� qlh dhwnnbpb_glu >ugdbgZ dhgljZ]j_^b_glgh]h ϕ ij_^klZ\e_gby ϕ~ g_ljm^gh khkqblZlv�

_keb ba\_klgu dhwnnbpb_glu &S (ϕ):
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(11)

Wlh ml\_j`^_gb_ ke_^m_l ba hij_^_e_gby ���� ebg_cghklb nmgdpbc �,� b ba\_klgh]h nZdlZ ba l_hjbb

ij_^klZ\e_gbc� _keb \f_klh ϕ jZkkfZljb\Zlv dhgljZ]j_^b_glgh_ _fm ij_^klZ\e_gb_ ϕ~ � lh \_kZfb

ij_^klZ\e_gby ϕ~ [m^ml ij_^klZ\e_gby ϕ� \aylu_ k ijhlb\hiheh`guf agZdhf�

Ij_^iheh`bf� qlh .,4,4 lplp ≠≥≥ Ijyfufb \uqbke_gbyfb gZc^_f 
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A^_kv bf__lky \\b^m� qlh ij_^klZ\e_gb_ kh ko_fhc ,
lP

$$− dZd ke_^m_l ba ���� fh`gh jZaeh`blv \

dhevp_ ij_^klZ\e_gbc 568��� ih nhjfme_

.
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−⊗−+−⊗−=−
lPlPlP
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Z lZd`_� qlh jZaf_j_gghklv 
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lP

$$dim ij_^klZ\e_gby kh ko_fhc
lP
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Kgbf_f h]jZgbq_gby ,4, ≥lp hklZ\b\ lhevdh .lp ≠ G_ljm^gh ih^kqblZlv �k ihfhsvx

j_amevlZlh\� ihemq_gguo \ >�@ beb ih hij_^_e_gbx ����� qlh
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Lh]^Z� k mq_lhf ���� b ����� gZoh^bf
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DZd \b^gh� ^ey i_j_[jZgguo ij_^klZ\e_gbc ϕ� agZq_gb_ � ijbgbfZ_l lhevdh dhwnnbpb_gl

K3(ϕ�� ijb mkeh\bb� qlh ϕ – kZfhdhgljZ]j_^b_glgh_ ij_^klZ\e_gb_� Ba ���� g_ljm^gh aZf_lblv� qlh m
\kydh]h �ba jZkkfZljb\Z_fuo gZfb kZfhdhgljZ]j_^b_glgh]h ϕ� kh ko_fhc

>ugdbgZ ( ) 0/ 3 =− ϕC
pp

$$ � < hklZevguo kemqZyo ( ) ( ) .0,0 32 ≠≠ ϕϕ CC
LZdbf h[jZahf� _keb ϕ g_ y\ey_lky kZfhdhgljZ]j_^b_glguf� lh ih^]jmiiZ 68��� \iheg_

g_]hfheh]bqgZ gmex \ ]jmii_ 68�1� �hlkx^Z ke_^m_l� qlh 68��� gZoh^blky \ ghjfZevghf iheh`_gbb

\ 68�1�� b i_j\h_ ba ml\_j`^_gbc l_hj_fu � ^hdZaZgh�

�� JZkkfhljbf l_i_jv g_ghjfZevgu_ kemqZb� l�_� kemqZb� \ dhlhjuo ij_^klZ\e_gb_ ϕ bf__l ko_fm

>ugdbgZ

pp

$$− � DZd [ueh hlf_q_gh� ijb wlhf &3(ϕ� �� b hlh[jZ`_gb_ ϕ*: H*(SU(N) → +�68��� g_

y\ey_lky wibfhjnbafhf� we_f_gl ρ3⊗� Ze]_[ju :�DZjlZgZ & g_ bf__l ijhh[jZaZ b klZgh\blky

ihwlhfm dhpbdehf� dhpbdehf [m^_l b we_f_gl �⊗X5� < khhl\_lkl\bb k l_hj_fhc :�DZjlZgZ� qlh[u
hibkZlv Ze]_[jm +�*�+� ihkljhbf Ze]_[jm :�DZjlZgZ & b gZc^_f __ dh]hfheh]bb�

GZihfgbf� qlh \ Ze]_[j_ 6H h[jZamxsbfb we_f_glZfb fh`gh \u[jZlv ihebghfu GvxlhgZ ρ1= 0,
ρ2(t1,t2,t3), ρ3(t1,t2,t3�� Z \ +�68�1� ± [Zabk h[jZaml we_f_glu ;3,X5,...,X2N-1 kl_i_g_c �������� �1��

khhl\_lkl\_ggh� < Ze]_[j_ :�DZjlZgZ & 6H⊗+�68�1�� h[jZamxsbfb y\eyxlky we_f_glu ρs⊗1,
1⊗X2N-1, s=2,3; N ��������1� Ih hij_^_e_gbx d(ρs⊗1)=0, V ���� ih^kq_l ihdZau\Z_l� qlh

d(1⊗X3)= ϕ*R(X3) ⊗1=C2(
pp

$$− )ρ2⊗1;

d(1⊗X5)= ϕ*R(X5) ⊗1=C3(
pp
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AgZqbl� %6≠� gb ijb dZdhf p_ehf iheh`bl_evghf S b we_f_gl �⊗X11� lZdbf h[jZahf� g_evay

ij_h[jZah\Zlv \ dhpbde� >jm]b_ we_f_glu �⊗X2s-1� 6  �������1 ³ ij_\jZsZxlky ³ \ dhpbdeu mdZaZgguf

\ gZqZe_ wlh]h imgdlZ kihkh[hf� lZd dZd K2 ≠ �� ?keb `_ \ jZaeh`_gbb ϕ*R(X2s-1� q_j_a ρ2 b ρ3

bf__lky keZ]Z_fh_ ρ3
m, P ! � �lZd [u\Z_l dh]^Z 6 ^_eblky gZ ��� lh ijb dhgkljmbjh\Zgbb dhpbdeZ

djhf_ �⊗X3, 1⊗Xs gZ^h bkihevah\Zlv _s_ b we_f_gl �⊗X11� lZd dZd ^hdZaZgh� qlh %6 ≠ 0.
Ih^kq_l ihdZau\Z_l� qlh [Zabkgu_ dh]hfheh]bc oZjZdl_jbamxlky ij_^klZ\bl_eyfb αs, β6, α7,

α9, α13, ..., α2n-1 kl_i_g_c V� �� �� �� ��� ���� � 1 ± � khhl\_lkl\_ggh� LZdbf h[jZahf
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Hldm^Z ke_^m_l \lhjh_ ml\_j`^_gb_ l_hj_fu ,�

Eb l _ j Z l m j Z

1. FZglmjh\ H�<� H ihebghfZo ImZgdZj_ g_dhlhjuo h^ghjh^guo ijhkljZgkl\ �� Lj� K_fbgZjZ ih

\_dl� b l_ga� ZgZebam � F=M bf�F�<� Ehfhghkh\Z� ±F�� ����� ± \ui� ;,9� k� ������
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2. JZr_\kdbc I�D� H \_s_kl\_gguo dh]hfheh]byo h^ghjh^guo ijhkljZgkl\ �� Mki_ob fZl_fZlbq_kdbo

gZmd� ± F�� ����� ± L� ;;,9� \ui� � �����. – k� ������

The algebra's of cohomology of some homogeneous spaces

V.A. Koslov

With A. Cartan's theorem the Poincare multinomial real of riemannian homogeneous spaces
SU(N)/SU(3) are determinated.


