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ON THE STOCHASTIC STABILITY OF A NONLINEAR SYSTEM
PERTURBED BY A «WHITE» NOISE RANDOM PROCESS

M.M. Shumafov

Adyghya State University, Maikop

Summary. In this paper we give sufficient conditions under which one can conclude that the trivial solution of
two-dimensional nonlinear system perturbed by «white» noise random process is stochastically stable. The
Rayleigh’s equation perturbed by «white» noise is given as an example.

1. INTRODUCTION

The present paper in his idea adjoins to work [1]. In [1] Liapunov functions in the of quadratic forms
for two- dimensional linear stochastic systems

E)’C(t) =(a+ ef O)x(t) +(b+ ff'(t))y(t),
oy(t) = (c+ g (1))x(t) + (d +hé (1) y(t),
wherea, b, ¢, d, e, f, g, are constantsf(t) is Gaussian «white» noise random process, were con-

structed. On the basis on the constructed Liapunov functions in [1] sufficient conditions of stochastic stabil-
ity of system (1.1) were given.

The main investigation object of the present paper is the two- dimensional system

B&(t) = f(x(t))+by(t)+ox(1)é(1),

V(1) =cx(1)+dy(t),
whereb, ¢, d,o are constantd(x) is differentiable functior{fJC"), f(0)=0; x(t), y(t)are scalar random
processes and is random process of Gaussian «white» noise type.

Our aim is to establish sufficient conditionEthe probability stability, asymptotically stability in
the large and quadratic average exponential stability of the trivial solution of system (1.2).

The deterministic case=0 was considered by Erugin [2] and Malkin [3]. The papers [4] and [5]
were dedicated to problems of the construction of Liapunov functions. In [4] Kushner constructed Liapunov
functions for linear and certain nonlinear (power nonlinearities type) stochastic differential equations of
second order. In [5] the results of [4] were generalized and given sufficient conditions of stochastic stability
for certain second order nonlinear (generic equations of nonlinear mechanics) stochastic differential equa-
tions.

Note that the definitions of all conceptions and general facts used in this paper from the theory of
stochastic differential equations can be found in [6] or [7]. In what follows the system (1.2) is undasstood
system of stochastic differential equations in the form of Byd- we shall denote generating differential
operator of procegx(t), y(t))for system (1.2), defined as

(1.1)

(1.2)

0 0 o° 0°
L =(f(x)+by)— + (cx+dy)— + — x> —.
(f(x) Y)ax( Y)ay > X 32
2. STATEMENT OF RESULTS

For the system (1.2) the following propositions are true.

Theorem 1. For the given system (1.2) suppose ttigt) JC'(U), U={x:x [X &}, £>0, f(0)=0 and fur-
ther:
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l)m+d<0 Ox0OU,x #0,
X

2)df(x) —be>0 OxOU,x#0,

3)B&+d%f() bH<— (d2+M) OxOU,x#0

WhereM is such constant thaf’(X)-bcsM  CxCU.

Then the trivial solution of system (1.2) is stable in probability.

Remark 1. It is obvious that theagement of Theorem 1 is remained true, if the conditions 1)-3) re-
place into ones:

)f(x)+d< ~5<0 OxOU,x#0,

2')arM—bc>51 >0 OxOU,x#0,

X

) (d2+M)<551, M =sup(df'(x)—bc),
AU
respectively.

Theorem 2.Suppose thd(X) JC'(R), f(0)=0 and the following conditions are satisfied for system (1.2):
1) there is a constamnt, such that

a+d<0, ad-bc>0 , (2.1)
2) there exist constanty>0 andd;>0, such that
T, 4<-5, oxzo, (22)
X
dw—bc>51 Ox # 0, (2.3)
X
0.2
a+d+5oz7, (2.4)

3) there exist a constank4, such that
df(x)-bcsM  [XOR, (2.5)
0°12(P+c*+M)< &0 (2.6)

Then the trivial solution of system (1.2) is asymptotically stable in the large (with probability 1).

Theorem 3.Suppose that all conditions of Theoremd@va are trueAssume further that there is a con-
stant®,>0 such that

dM—bc< 0, Oxz0. (2.7
X

Then the trivial solution of system (1.2) is exponential stable in quadratic average.
Remark 2. In deterministic linear case, wherr0, f(X)=ax the conditions of Theorems 1,2 and 3 turn into
necessary and sufficient Routh-Hurwitz oresd<0, ad-bc>Q
Remark 3. The investigation of the system

E X(1) = ax(1)+by(t),
V(1) =ex(1)+@(y(1))+ay(1)é(1)

reduces to the system (1.2) by change of variatdesl intoy andx respectively.

(2.8)
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Example. We shall consider the Rayleigh’s equatioh F(X) + X =0,
perturbed by the «white» noise random procesxé (t) :
¥+ F(X) +x = ox& (t). (2.9)
The equation (2.9) reduces to the system of the form (2.8)
[ X=Y,

= —F(y) - x+ oy (). e

By applying the Theorems 1,2 and 3 to (2.10), transformed to form (1.2), we shall get sufficient con-
ditions of probability stability, asymptotically stability in the large and in quadratic average exponential
stability of the trivial solution of the system (2.10), hence equation (2.9).

For instance, by using Theorem 2 above we get the follomdngitions of asymptotically stability in
the large of the trivial solution of the equati(h9):

1) F(y)ly>&>0 Oy#0, 2) 0°<&

For that it is sufficient to reduce (2.10) into (1.2) by chaxgey, then in (1.2) sef(x)= — F(x), b=
-1, c=1, d=0.

It should be noted that the conditioncf)<25o above is weaker than corresponding oﬁeZéo in
Theorem 2 of paper [5]. The cause is that in the proof of the Theorem 2 [5] a special stochastic Liapunov
function was used which in linear caég x ) = bx it gives necessary and sufficient conditions of asymp-

totically stability in the large of the trivial solution of the equation (2.9).
3. PROOF OF THE THEOREM 1.

On the basis of the Liapunov function (see [1]) for linear determenistic systef {(x)=ax), cor-
responding to system (1.2), we can constkisgpunov function for nonlinear system (1.2) as

%V(x,y)=(dx—by3—bc>@+2dj'f(l7)dn . (3.1)
0
We have, by elementary calculation from (3.1), that
2 2
lLV :(f(x)+by)a—V+(cx+dy)a—V+a—xza—V =2d°xf(x)+2df*(x)—2bexf(x) -
2 Ox d 2 ox’

—2bcdx® +0*(d? +df'(x)—bc)x” .
1 :
The expression ofE LV can be reset in the form

Loy = o O gy L) B w62 (a +dp'(x)=be)(x % 0). (3.2
2 O x m x 0
From (3.2), by using the conditions 1)-3) of Theorem 1, we conclude thatO liv some pictured

neighborhoodG = {(X, y) :|X|@,|y|ﬂtl; XZ£0,y# O} of origin.

Positive definiteness of function V follows from the condition 2) of Theorem 1 and the representa-
tion of (3.1) as

“V(x,y) = (dx=by)” +2[(df (1) ~ben)dn,

By virtue of general stability theorem froffi] the trivial solution of (1.2) is stable in probability.
The proof of the Theorem 1 is complete.

4. PROOF OF THEOREM 2.

The main tool for the proof of the Theorem 2 willthe Liapunov function V(x,gefined by
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V=Vi +V,,,
where

%Vl =(d* —bc)x* +b(b—c)y?* + ady® — 2bdxy+

+(cx-ay)® + Zd} f(m)dn,

V, = wx’ + 2yxy + By?,

whered is a constant, placed in the conditions (2.1) and (2.4) of the Theoram>20, 3> 0, wB >y
(that isV,>0). We shall choose the parametess3, ylater. A straightforward calculation yields

%LVI = (f(x)+by)Qo(d® = be )x +2df (x) = 2bdy + 2c(cx —ay )| +
+(cx +dy)Oeb(b—c)y +2ady - 2bdx - 2a(cx —ay )] +
ror(d® —be)+df'(x)+c| =

zzlﬂﬂm+d%m_bc%czﬁﬂ_x)—aapa_z[cz+dz+(df'(x)—b0)]Esz
ol x M «x O Ox 0O 2 0

+2(a +d)(ad b )T +2ac§m—a§cy.
X
Further
%va = axf (x) + ()c+wo?)x* + (ab + Be+yd)xy + (Bd + yb)y* + yyf (X).
Thus,

%LV: B ;x) +dé¢&%—bc§+%[€z +d? +(a’f'(x)—bc)]§5}c2 +

+(a+d)(ad=bc)y* +(pd +yb)y* + (4.1)
H(wh+ Petyd —a’c)xy+(y+ac)yf(x)+A(x),x 0,

where
A(X):%:ZB”—X)—GH'FQ)EM+E—G—2%D(2, (XiO).
0 o x 0 X w 2

We shall choose parameteus 3, y such that :
A(X) <0 for allx# 0and

y+ac=0, wh+Lc+yd—-a’c=0, Bd+yw=0. (4.2)
There are two possibilities : >0 and 2)x <O0.

1) The casex > 0. From (4.2) we have
y =-ac, (4.3)

éa)+B:ar(ar +d). (4.4)
C

If a) bc> 0, so sincexr(a+d) <0 there is no positive solution of the equation (4.4).
Let b)bc<O0. Then the system
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E aﬁ>a202
%aﬁﬁza(c”d)

have positive solutiofiw,B). From (4.2) we have

B =abc/d. (4.5)
Further, we find
acd(a +d ) —abc’ a £
= = — +/ad —bc)|. 4.6
bd d b [ﬁd ( )] *9
Easily to verify, thatwB > a*c® = y?.

For chosen value® andywe have

I g = (109 1 4)-ga va),

4.7)
J(x) J(x)
Easily to check , that
2
d-¥*=9+9% <o
w w
The condition (2.2) of Theorem 2 with regard for (4.7) , (4.8) implies an evaluation
2 2
0
Ax)< -5, +(a+d )¢ -wpm, ac —%)ch. (4.9)
il
Since0 < d—2 <1 the inequality (2.4) shall impl®, + (d + £ 0—2) > 0.
d? + (ad - be) ° w

[t%0° o?. [
Therefore from (4.9) we havA(X) € ~[F———w(ar +d + 5, ——)x* <
02 2°0
Hence, for the expression (4.1) e]2£LV with regard for (4.3) , (4.5) and (4.6) we obtain the esti-

mation &z0):

+(a+d)(ad —bc)y*
2) The cas& < 0 . By elementary reasoning it is showed, that both in casd®>8)and b)bc<0 the
equation (4.4) have a positive solutidw , ) wherew and are determined by (4.5) and (4.6) respec-

(4.10)

tively. Therefore as well in considerable case the estimation (4.1% o/ holds.

As is obvious from (4.0) the conditions (2.2) , (2.3), (2.5) and (2.6) of Theorem 2 imply, that LV
is negative definite:
LV <=k(x*+y?), (4.11)
wherek > Ois a constant.
Now we show , that the functidd(x, y)is positive definite. It sufficient to show positive definiteness
of the functionV; , sinceV, > 0. For this we represent the functiénin the form
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%Vl = (dx—-by)* +(ad —bc)y* + (cx—ay)® + 2}(df(n) —bcn)dn.

From here by using the conditions (2.1) and (2.3) we have

Vi(X, y) 2 ks (¢ +YP), (4.12)
wherek; > 0 is a constant.
By taking into account that; (X , y) > Othe inequality (4.12) implies the relation

limV(x,y) = +oo. (4.13)
|24 3] =0

From correlations (4.11) — (4.13) it follows, that all conditions of general thd6fexbhout asymptotically
stability in the large are satisfied. The proof of Theorem 2 is complete.

5. PROOF OF THEOREM.3

It repeats the proof of previous Theorem 2 only by that addition , that the conditions (2.1) , (2.3) and
(2.7) imply a double — sided estimatidyy (X* + y?) <V (X, y) < k,(Xx* + y?) for some constants
k>0, k3 > 0.

It remains to refer to general theorem frp@h This complete the proof of Theorem 3.
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MBLIAHEHHY CHCTEMD I'OPAP «MAKBIE®» IIIXAMBLIb MPOIECC — MAPLIKYM
KBb33T'bIBBIPCBIPBIT'BIP 39PICTOXACTHUK CTABIJIBIP. (O

[IIymads MeixpaMdT MBIIIIBEA0CT BIKBOY

Knelonln. Ml Te3HCHIM KBEYII3TH MBUTHHEHHY CTOXACTHK CHCTEM? ropap muddepenuunan 3amelaputloy
39XITHIP  «MAKbBIC(» IMIIXIMBLTP MPOLCCC-IOPBHIKIYM  KBI3TBIOBIPCHIPBITBIP. A CHCTEeMdy  3bmIld
KB3ITly(PIb3M HIBIKBOUXBOXbAH MAC KBITITBOTHIX HKBYX3Y CTOXACTHKY KOHIUIHEX3P CHIABIIBYA ap JIBIMUT,
ACHMNTOTHKD JIBIUT 33MCIYMKIH BIKIM 3KCOHCHIHAT TB3UT KBAaApaTHK? aryu(siMkl3y xwypa. [pica (hamdy
Poneit wpnebputly X+ F(X)+X=0 «vakbsed» mlsxomeins mpbIKlyM oxé (1)

KB33T'b30BIPCHIPHITBIP KBITITHL
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O CTOXACTHUYECKOHN YCTOMUYNBOCTH OJJHOM
HEJMHENHON CUCTEMBbI, BO3MYIIIEHHOI CJIYUAMHBIM
IMPOLIECCOM THIIA «BEJIOT'O» IITYMA

M. M. lymados

Pesiome. B cratee paccMaTpHBacTCA IBYMCpHAS HCNTHHCHHASA CHCTEMa Tu(QepCHIHATEHBIX
YpaBHCHHH, BO3MYIIEHHAS CIYYAHHBIM MPOLECCCOM THIA «0emoro» myma. [ToMy4eHBI JOCTATOYHBIC YCIOBHA
YCTOMYHMBOCTH IO BEPOSATHOCTH, ACHMITOTHYECKOM VCTOMYMBOCTH B LEAOM (C BEPOATHOCTBIO 1) H
JKCIMIOHCHUUAIBHON YCTOMYMBOCTH B CpPEAHEM KBAJPATHYECKOM HYJICBOTO PELICHHA PaccMaTPUBAEMOi
cucreMsl. B kauecTse mpuMepa mpuBoauTcs ypasHerme Paes X + F (X) + X =0 , Bo3mymEnHOe «GeTBIM»

IIyMOM oxé (t).

(O I am very grateful to Mr. TSEI ISAK and Miss TSEI NEFEN for their help in the lating this
summary into circassian (adyghe language).
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