2001 r.

&
o

Tpvaser ®@0PA

REPRESENTATIONS OF LIE ALGEBRAS AND INTEGRATION OF
SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

L. Zh. Palandzhyants

Mazkop State Institute of Technology, Maikop

The paper dwells upon the problem of integration of systems of linear differential
equations matrixes of with are representations of A; Lie algebra. The notion of multiplicative
integral is used in this connection.

Let Y'(t) be the smooth curve in G Lie group. Then

being an element of a tangent space of G Lie group in point Y (¢) € G. Therefore, the element
Y/ ()Y ~1(t) is of element of a tangent space in neutral element E of G group, that is Y’ (¢)Y ~1(¢)
belonging to g Lie algebra of G Lie group. We introduce notation Y ()Y ~1(¢t) = A(t), where A(t) is
a curve in g Lie algebra. Whereby the smooth curve Y (¢) in G group is given by the multiplicative
integral .

Y() = / E+ A(r)dr. (1)

to

Now let ¢ be the representation of G group in the GL(n) group of all nonsingular matrices of n
order, ® is the representation of g algebra in gl(n) algebra of all matrices of n order with a zero
spur. Then from the equality (1) it follows that the multiplicative integral can be present in GL(n)
group. Accordingly the element of integration of matrix function A(¢) will be transformed in the gl(n)
algebra. Thus, it follows that

~1

(Y (1)) = / F 4+ ®(A(r))dr. (2)

If ¢ = det, ® = sp we get the well-known Liouvilles’s formula.

Thus emerge a problem of finding the multiplicative integral in final form from the matrix
function of a great order. The question of integration of multiplicative integral in final form is the
question of integration of systems of linear differential equations. As it is known the problem of
integration of such a system become difficult with growing order of the matrix function. But it can so
happen that the multiplicative integral, when it must be represented in its final form is the result of
the representation of multiplicative integral of a smaller dimension. In case of homomorvarphism of
the groups the conditions of integration in its final form remain stable which enables to compute the
multiplicative integral in space of greater dimension. It is only necessery that the initial multiplicative
integral be the resultat from representation of certain multiplicative integral of a smaller dimension.

k
Further we shall use the representations of A; Lie algebra with the main weigt coefficient 0,k € N.
We interprete A; Lie algebra as an aggregate of quadric matrix with a zero spur. It means that
the initial multiplicative integral of a smaller dimension can be represented as:

/E + A(t)dt, (3)
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k
where a, b, ¢ are the smooth functions of variable ¢. The area representation () consists of vectors in
the form of £_, P&, p=10,1,...,k, where £ is the main vector of representation. We use the standard

notations:
o = 0 1 - 0 0 h— 1 0
A0 O/ TNl O/ T N0 =1/

Eo=®(en), E_q = P(e—y), H=3(h),

The pmatrix ®(A(t)) we want to find predetermincs the action of operators Fy, E_,, i on the basis
vectors E_,P€. Using the familiar relations between operators we find to be valid the following
expressions:

E_oP& = (k—2p)E_o"€,
B_oP&= (p(k —p+1))E_a? 1,
FE_ E_,P¢ =1E_,Pti¢,
which predermine the matrix elements ®(A(¢)). Thus

ak bk 0 0 0
¢ alk—2) bk—2) ... 0 0
0 c alk —4) ... 0 0
vagy=| "0 e 0
0 0 ¢ (2—k)a kb
0 0 0 ¢ —ka

In [1] it is shown that the condition ¢(t) [ b(¢)dt = 2a(t) provides the integration of multiplicative
integral (3) in its final form. Tt can be proven that this condition provides integration of the
multiplicative integral in its final form with an element of integration matrix function ®(A(t)). For
example, let & = 2. Then integrating by parts we get:

o 2¢ 20 O . 0 20 0 2a

o
o

/E—I— e 0 2 dt:/E—l— 0 0 264+ c 0 0 Jdt=
0 ¢ —2a 0 0 0 0 ¢ —2a
1206 2%\ 7 1 =206 2(°b\ [2a 0 0 1206 2%

=10 1 2fb /E-I— 0 1 —2b c 0 0 0 1 2fb dt =
0 0 1 0 ¢ —2a 0 0 1

1 2b 2%\ 7 [=2a 0 0
2fb /E—I— e 0 0]dt=
0 ¢ 2a
1 2fb b exp(— [ 2a) 0 0
=10 1 fb fcea:p f?a) 1 0
0 0 (exp [2a) [ ¢ [cexp(— [2a) (exp[2a)[c exp[2a

Hence, the multiplicative integral is compute in its final form.

If the element of integration in form of matrix function of greater dimension 1s not the result of
representation of a matrix function of a smaller dimension, then the corresponds system of equations
can be reduced to a the linear differential equation (k + 1) order:

v — =9 s = 1,2, . k.
under broad conditions. This equation can be presented in the form of a system with an accompaning
matrix, all the superdiagonal elements of which equal 1 while not all the elements of the last row equal
zero. Further this metrix can be subjected to a triangular gauge transformation the resultats matrix
(k + 1) order is by itself the result of the representation of a certain matrix function of a smaller
dimension [2].
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IIpencraBiaenusa anre6p Jlu u uHTerpupoBaHue cucTteM JUHeliHbIX Audde-
peHllualdbHbIX YpaBHEHUIt

JI. M. ITanangaaHn

B craThe paccMaTpuBaeTcs 3agavya 06 UHTETPUPOBAHWU B KOHEUHOM BU/e CUCTEM JUHEIHBIX
nuddepeHINaNbHBIX ypaBHeHUI, MAaTPUIThl KOTOPBIX CBA3AHLI C Mpe/cTaBAeHUAMU aareGpel Ju Aj;
A 4ero UCNOAb3yeTcA MOHATHEe MYJIbTUNANKATUBHOTO HHTeTpana
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