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Dm[Zgkdbc ]hkm^Zjkl\_gguc mgb\_jkbl_l� DjZkgh^Zj

H[km`^Zxlky nbabq_kdb_ ij_^klZ\e_gby h ijhkljZgkl\_ b \j_f_gb� gZqbgZy k kZfuo hkgh\�

<<?>?GB?

IjhkljZgkl\h b \j_fy hlghkylky d nmg^Zf_glZevguf i_j\bqguf ihgylbyf� k dhlhjufb ijb-
oh^blvky bf_lv ^_eh \h \k_o h[eZklyo q_eh\_q_kdhc ^_yl_evghklb� H^gZdh \h fgh]bo kemqZyo q_eh\_d�

khijbdZkZykv k gbfb� g_ hkh[_ggh aZ^mfu\Z_lky gZ^ bo hkh[_gghklyfb b h]jZgbqb\Z_lky lhevdh bg-
lmblb\gufb ij_^klZ\e_gbyfb� ijbh[j_l_ggufb ba gZ[ex^_gbc aZ y\e_gbyfb ih\k_^g_\ghc `bagb�

Ijb wlhf ke_^m_l aZf_lblv� qlh \ xghklb agZdhfkl\h dZ`^h]h kh k\hckl\Zfb ijhkljZgkl\Z� gZjy^m k

gZ[ex^_gbyfb aZ hdjm`Zxs_c ^_ckl\bl_evghklvx� ijhbkoh^bl b \ rdhevghf dmjk_ _\deb^h\hc ]_h-
f_ljbb ihkj_^kl\hf bamq_gby ijhkljZgkl\_gguo nhjf ijhkl_crbo ]_hf_ljbq_kdbo nb]mj� Qlh `_

dZkZ_lky ihgylby \j_f_gb� lh� d kh`Ze_gbx� \ rdhevghf dmjk_ nbabdb hgh ih^jh[gh g_ h[km`^Z_lky�

^Z b \ \mah\kdbo dmjkZo h[s_c nbabdb qZklh g_ m^_ey_lky ^he`gh]h \gbfZgby \\_^_gbx wlh]h ihgy-
lby� dZd kh[kl\_ggh b ihgylby ijhkljZgkl\Z�

< h[s_f kemqZ_ nbabdZ b fZl_fZlbdZ bf_xl k\h_c aZ^Zq_c bamq_gb_ dhebq_kl\_gguo hlgh-
r_gbc hdjm`Zxs_]h gZk fbjZ� H^gZdh ihgylby b h[t_dlu fZl_fZlbdb ij_^klZ\eyxl kh[hc Z[kljZd-
pbb gZ[ex^Z_fuo \ ijbjh^_ dhebq_kl\_gguo hlghr_gbc b ijhkljZgkl\_gguo nhjf� Z� ]eZ\gh_� ijb

wlhf fZl_fZlbdZ gbdZd g_ h[jZsZ_lky d hiulm� NbabdZ� dhg_qgh� lh`_ bkihevam_l b^_ZebaZpbb� gh \

dZ`^hc dhgdj_lghc aZ^Zq_ hgb \k_]^Z h[hkgh\u\Zxlky� Ihykgbf wlh gZ ijbf_j_ \\_^_gby \Z`gh]h

^ey nbabdb b fZl_fZlbdb ij_^klZ\e_gby h \_s_kl\_gguo qbkeZo�

I_j\hgZqZevgh_ ij_^klZ\e_gb_ h \_s_kl\_gguo qbkeZo ihy\ey_lky ijb baf_j_gbb hlj_adh\�

gZijbf_j� baf_j_gbb ^ebgu klheZ k ihfhsvx ebg_cdb� H^gZdh qblZl_ex ohjhrh ba\_klgh ba rdhev-
gh]h dmjkZ fZl_fZlbdb� qlh wlh]h g_^hklZlhqgh� >ey baf_j_gby ihke_^h\Zl_evguo hlj_adh\� bo kjZ\-
g_gby b ^j� g_h[oh^bfu kjZ\g_gby qbk_e b ^_ckl\by gZ^ gbfb� lh _klv gm`gu hi_jZpbb gZ^ qbkeZfb�

< dhg_qghf blh]_� ^ey \\_^_gby \_s_kl\_gguo qbk_e \ fZl_fZlbd_ bkihevam_lky ZdkbhfZlbq_kdbc

f_lh^; hgb \\h^ylky dZd fgh`_kl\h we_f_glh\ ex[hc ijbjh^u� m^h\e_l\hjyxsbo gZ[hjm Zdkbhf

�ijZ\be b k\hckl\�� <_s_kl\_ggu_ `_ qbkeZ \ nbabd_ ± wlh agZq_gby nbabq_kdbo \_ebqbg� ihemq_g-
guo \ j_amevlZl_ baf_j_gby� lh _klv khhlg_k_gby nbabq_kdhc \_ebqbgu k wlZehghf� ijbgyluf aZ _^b-
gbpm� Baf_j_ggu_ agZq_gby bf_xl ih]j_rghklv� ihwlhfm nbabq_kdb_ qbkeZ \k_]^Z h[eZ^Zxl aZ^Zg-
ghc lhqghklvx� GZijbf_j� ijb bkihevah\Zgbb ^_kylbqghc kbkl_fu bkqbke_gby ijZ\bevguf [m^_l

lhevdh hij_^_e_ggh_ dhebq_kl\h ^_kylbqguo agZdh\ ihke_ aZiylhc� Wlh h[klhyl_evkl\h mqblu\Z_lky

ijb dhebq_kl\_gghf hibkZgbb hlghr_gbc f_`^m nbabq_kdbfb h[t_dlZfb� AZf_lbf� qlh kZf ijhp_kk

baf_j_gby nbabq_kdbo \_ebqbg \ h[s_f kemqZ_ ij_^klZ\ey_l kh[hc g_ ijhklmx aZ^Zqm b y\ey_lky h^-
gbf ba we_f_glh\ wdki_jbf_glZevgh]h bkke_^h\Zgby nbabq_kdbo y\e_gbc� <h \k_f hklZevghf nbabq_-
kdb_ qbkeZ ZgZeh]bqgu fZl_fZlbq_kdbf qbkeZf�

<_jg_fky kgh\Z d ]_hf_ljbq_kdbf ihgylbyf ijhkljZgkl\Z� Hkgh\guf ihgylb_f ijhkljZgkl\Z

y\ey_lky lhqdZ� Ih kms_kl\m� ijhkljZgkl\h ij_^klZ\ey_lky dhg_qguf beb [_kdhg_qguf fgh`_kl\hf

lhq_d� D gZqZevguf ihgylbyf ijhkljZgkl\Z lZd`_ hlghkylky ebgbb b ih\_joghklb �\ _\deb^h\hf ijh-
kljZgkl\_ ± ijyfu_ ebgbb b iehkdhklb�� <hafh`_g ZgZeblbq_kdbc kihkh[ hibkZgby dhebq_kl\_gguo

hlghr_gbc f_`^m wlbfb h[t_dlZfb iml_f \\_^_gby dhhj^bgZl lhq_d� Kh]eZkgh wlhfm ih^oh^m dZ`^hc

lhqd_ ijhkljZgkl\Z klZ\blky \ khhl\_lkl\b_ mihjy^hq_gguc gZ[hj \_s_kl\_gguo qbk_e� gZau\Z_fuo

__ dhhj^bgZlZfb� Wlh khhl\_lkl\b_ ^he`gh [ulv \aZbfgh h^ghagZqguf� Ijhp_^mjm khihklZ\e_gby

mihjy^hq_ggh]h gZ[hjZ \_s_kl\_gguo qbk_e lhqd_ qZklh gZau\Zxl Zjbnf_lbaZpb_c h[t_dlh\ ijh-
kljZgkl\Z� Z qbkeh dhhj^bgZl ± jZaf_jghklvx ijhkljZgkl\Z� < kemqZ_ lj_of_jgh]h ijhkljZgkl\Z lhqdb

[m^_f h[hagZqZlv dZd ljhcdb qbk_e �x, y, z�� Z lZd`_ [md\hc r �jZ^bmk�\_dlhj�� Lhqdb ebgbc b ih\_jo-
ghkl_c hij_^_eyxlky dZd j_r_gby khhl\_lkl\mxsbo mjZ\g_gbc� dhlhju_ bf_xl ^hklZlhqgh ijhklhc

\b^ ^ey ijyfuo ebgbc b iehkdhkl_c�
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Djhf_ ijb\_^_gguo ihgylbc� d i_j\bqguf ]_hf_ljbq_kdbf ihgylbyf ijhkljZgkl\Z lZd`_ hl-
ghkyl jZkklhygb_ f_`^m lhqdZfb b ihgylb_ m]eZ f_`^m ^\mfy i_j_k_dZxsbfbky ebgbyfb� baf_j_ggh-
]h \ lhqd_ i_j_k_q_gby� Bf_ggh wlb ihgylby hij_^_eyxl hkgh\gu_ ]_hf_ljbq_kdb_ k\hckl\Z ijhkljZg-
kl\Z�

J_Zevgh_ lj_of_jgh_ ijhkljZgkl\h − nbabq_kdh_ ijhkljZgkl\h� \ dhlhjhf fu `b\_f� \ g_dh-
lhjhf ijb[eb`_gbb fh`gh kqblZlv _\deb^h\uf� Ihwlhfm k\hckl\Z fh^_evgh]h _\deb^h\h]h ijh-
kljZgkl\Z hq_gv \Z`gu� < wlhf ijhkljZgkl\_ fh`gh \\_klb ^_dZjlh\u ijyfhm]hevgu_ dhhj^bgZlu

�_\deb^h\u dhhj^bgZlu� lZdb_� qlh d\Z^jZl jZkklhygby f_`^m ^\mfy lhqdZfb k dhhj^bgZlZfb �x1, y1,
z1� b �x2, y2, z2� jZ\_g

∆l2 = ∆x2 + ∆y2 + ∆z2 , (1)

]^_ ∆x2 = (x2 – x1)
2;  ∆y2 = (y2 – y1)

2;  ∆z2 = (z2 – z1)
2
� ?kl_kl\_ggh� qlh kijZ\_^eb\hklv wlh]h jZ\_gkl\Z

^he`gZ [ulv ih^l\_j`^_gZ hiulguf iml_f� GZijbf_j� d\Z^jZl jZkklhygby f_`^m lhqdZfb �x, y, z� b
��� �� �� hij_^_ey_lky dZd kmffZ d\Z^jZlh\ jZkklhygbc khhl\_lkl\_ggh f_`^m lhqdZfb �x, 0, 0), (0, y,
0), (0, 0, z� b lhqdhc ��� �� ��� Djhf_ lh]h� \ _\deb^h\hc ]_hf_ljbb kmffZ m]eh\ lj_m]hevgbdZ jZ\gZ

180°� Ihwlhfm \ ijbgpbi_ baf_j_gb_ kmffu m]eh\ lZd`_ fh`_l hl\_lblv gZ \hijhk h khhl\_lkl\bb

_\deb^h\hc fh^_eb ijhkljZgkl\Z nbabq_kdhfm ijhkljZgkl\m� < k\yab k wlbf _s_ \ ���� ]h^m D�N�

=Zmkk iulZeky h[gZjm`blv \hafh`gh_ hldehg_gb_ kmffu m]eh\ lj_m]hevgbdZ hl ���°� J_amevlZl [ue
hljbpZl_evguc� Ih kh\j_f_gguf ij_^klZ\e_gbyf ^ey h[gZjm`_gby g__\deb^h\hklb nbabq_kdh]h ijh-
kljZgkl\Z� dhlhjh_ h[mkeh\e_gh \ebygb_f gZ _]h k\hckl\Z \_s_kl\hf b iheyfb� gm`gh [ueh ijh\h-
^blv baf_j_gb_ m]eh\ k lhqghklvx g_ f_g__ ��

−16
� < gZklhys__ \j_fy kqblZ_lky� qlh nhjfmeZ ��� kijZ-

\_^eb\Z� gZqbgZy k jZkklhygbc ��
−16

f �fh`_l b f_gvr_� b \iehlv ^h ∼ 1026
f�

DZd m`_ ih^q_jdb\Zehkv� nbabq_kdb_ ij_^klZ\e_gby h[ hdjm`Z_fhf fbj_ l_kgh i_j_ie_l_gu

k ijhkljZgkl\_ggh�\j_f_ggufb ihgylbyfb� < k\yab k wlbf� qZklh fh`gh mkeurZlv \ukdZau\Zgb_� qlh

jZa\blb_ nbabdb fh`gh jZkkfZljb\Zlv dZd bamq_gb_ b kh\_jr_gkl\h\Zgb_ gZrbo ij_^klZ\e_gbc h

ijhkljZgkl\_ b \j_f_gb� ?kl_kl\_ggh� qlh \k_ hkh[_gghklb k\hckl\ ijhkljZgkl\Z b \j_f_gb g_ \ha-
fh`gh hk\_lblv \ h^ghc klZlv_� Ihwlhfm fu g_ jZkkfZljb\Z_f \ebygb_ \_s_kl\Z b ihe_c gZ ]_hf_l-
jbq_kdb_ k\hckl\Z nbabq_kdh]h ijhkljZgkl\Z b \j_f_gb� H^gZdh hklZevgu_ ijbgpbibZevgu_ fhf_glu

ij_^klZ\e_gbc h ijhkljZgkl\_ b \j_f_gb h[km`^Zxlky ^_lZevgh�

G?J?EYLB<BKLKDH? ><B@?GB? F:L?JB:EVGHC LHQDB

<Z`guf fhf_glhf \ nbabd_ y\ey_lky hij_^_e_gb_ ^\b`_gby� BagZqZevgh hgh nhjfmebjm_lky

gZ ijbf_j_ hij_^_e_gby f_oZgbq_kdh]h i_j_f_s_gby l_eZ b \u]ey^bl ke_^mxsbf h[jZahf� >\b`_gb-
_f l_eZ gZau\Z_lky baf_g_gb_ _]h iheh`_gby hlghkbl_evgh]h ex[h]h ^jm]h]h \u[jZggh]h l_eZ�

DZd hlf_qZehkv \h \\_^_gbb� h^ghagZqgh_ iheh`_gb_ lhq_d \ nbabq_kdhf ijhkljZgkl\_ mdZ-
au\Z_lky iml_f \\_^_gby bo dhhj^bgZl� Ihwlhfm ^ey h^ghagZqgh]h aZ^Zgby iheh`_gby l_eZ fh`gh

bkihevah\Zlv kbkl_fm dhhj^bgZl� Gh ^ey wlh]h l_eh gZ^h aZf_gblv fZl_jbZevghc lhqdhc b ihf_klblv

gZqZeh dhhj^bgZl ��� �� �� gZ ^jm]h_ l_eh� hlghkbl_evgh dhlhjh]h hij_^_ey_lky iheh`_gb_ fZl_jbZev-
ghc lhqdb iml_f aZ^Zgby __ dhhj^bgZl� H[jZlbf \gbfZgb_ gZ lh� qlh h^ghagZqghklv aZ^Zgby iheh`_-
gby lj_[m_l \\_^_gby ihgylby fZl_jbZevghc lhqdb� ?keb l_eh g_evay kqblZlv \ dZq_kl\_ lZdh\hc lhq-
db� lh _]h gm`gh jZkkfZljb\Zlv dZd kh\hdmighklv fZl_jbZevguo lhq_d�

L_i_jv h[km^bf dhebq_kl\_ggh_ hibkZgb_ baf_g_gby iheh`_gby� Ijb baf_g_gbb iheh`_gby

fZl_jbZevgZy lhqdZ kh\f_sZ_lky k lhqdZfb ijhkljZgkl\Z� >ey h^ghagZqgh]h dhebq_kl\_ggh]h hibkZ-
gby wlh]h baf_g_gby agZgby lhevdh bo dhhj^bgZl g_^hklZlhqgh� < qZklghklb� jZkklhygb_ f_`^m jZa-
gufb lhqdZfb fh`_l [ulv h^bgZdh\uf� Ihwlhfm gm`gh ^hihegbl_evgh aZ^Zlv hlghr_gb_ ihjy^dZ

^ey ^\mo lhq_d� mdZau\Zy� dZdZy lhqdZ gZqZevgZy� Z dZdZy dhg_qgZy�

Baf_gy_fhklv h[t_dlh\ hdjm`Zxs_]h fbjZ y\ey_lky mgb\_jkZevguf k\hckl\hf� >ey dZq_kl-
\_ggh]h b dhebq_kl\_ggh]h hibkZgby baf_g_gby \\h^yl ihgylb_ \j_f_gb� < nbabd_ bkihevam_lky \j_-
fy� agZq_gby dhlhjh]h baf_jyxlky k ihfhsvx nbabq_kdh]h ijb[hjZ� gZau\Z_fh]h qZkZfb� K ihfh-
svx qZkh\ nZdlbq_kdb \k_]^Z baf_jy_lky ijhf_`mlhd \j_f_gb� < dZq_kl\_ wlZehgZ \j_f_gb bkihevam-
_lky dZdhc�eb[h baf_gyxsbcky ijhp_kk� khklhysbc ba ihke_^h\Zl_evghklb pbdeh\� < gZklhys__ \j_-
fy aZ _^bgbpm \j_f_gb ± k_dmg^m ijbgbfZ_lky \j_fy� aZ dhlhjh_ kh\_jrZ_lky ���������� i_jbh^h\

dhe_[Zgbc we_dljhfZ]gblgh]h baemq_gby� bkimkdZ_fh]h g_\hafms_gguf \g_rgbf ihe_f Zlhfhf p_-
aby���� ijb i_j_oh^_ f_`^m khhl\_lkl\mxsbfb mjh\gyfb�
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Qlh[u mihjy^hqblv baf_g_gby nbabq_kdhc \_ebqbgu \h \j_f_gb �gZqZeh� dhg_p� gm`gh mklZ-
gh\blv h^ghagZqgh_ khhl\_lkl\b_ f_`^m agZq_gb_f nbabq_kdhc \_ebqbgu b agZq_gb_f \j_f_gb� qlh

aZ^Z_lky \ \b^_ nmgdpbhgZevghc k\yab� gZijbf_j� ^ey iheh`_gby lhqdb dZd r (t�� Wlh hagZqZ_l� qlh
nbabq_kdmx \_ebqbgm fh`gh baf_jblv \ ex[hc fhf_gl \j_f_gb� KZfh baf_g_gb_ nbabq_kdhc \_eb-
qbgu hij_^_ey_lky dZd jZaghklv dhg_qgh]h b gZqZevgh]h agZq_gbc� Ijb wlhf baf_g_gb_ \j_f_gb ∆t =
t2 – t1 − ijhf_`mlhd \j_f_gb� aZ dhlhjh_ ijhbahreh baf_g_gb_ nbabq_kdhc \_ebqbgu� < qZklghklb

^ey baf_g_gby iheh`_gby fZl_jbZevghc lhqdb: ∆r  = r (t2) – r (t1) = r 2 – r 1� <Z`ghc dhebq_kl\_gghc oZ-
jZdl_jbklbdhc baf_g_gby nbabq_kdhc \_ebqbgu y\ey_lky kdhjhklv ± baf_g_gb_ aZ _^bgbpm \j_f_gb�

< ijb\_^_gghf dhebq_kl\_gghf hibkZgbb baf_g_gby nbabq_kdbo \_ebqbg kh^_j`blky jy^ g_-
y\guo ^hims_gbc� <h�i_j\uo� bkihevah\Zgb_ dhe_[Zl_evgh]h ijhp_kkZ k ex[uf agZq_gb_f i_jbh^Z

dhe_[Zgbc \ dZq_kl\_ wlZehgZ baf_j_gby \j_f_gb hagZqZ_l� qlh agZq_gby \j_f_gb fh`gh ij_^klZ\blv

dZd lhqdb gZ qbkeh\hc hkb ± gZ \j_f_gghc hkb� Dhg_qgh� dhgdj_lgh_ agZq_gb_ i_jbh^Z hij_^_ey_l

fbgbfZevgmx ih]j_rghklv baf_j_gby ijhf_`mldZ; hgZ g_ fh`_l [ulv f_gvr_ i_jbh^Z dhe_[Zgbc�
<h�\lhjuo� baf_j_gb_ ijhf_`mldZ \j_f_gb \ jZaguo lhqdZo ijhkljZgkl\Z k ihfhsvx h^gbo qZkh\

ij_^iheZ]Z_l g_aZ\bkbfhklv l_q_gby \j_f_gb hl bo f_klhgZoh`^_gby \ ijhkljZgkl\_� Z wlh� dZd h[km-
^bf iha`_� \_jgh lhevdh \ hij_^_e_gghf ijb[eb`_gbb� <�lj_lvbo� kZf nbabq_kdbc h[t_dl g_ \eby_l

gZ k\hckl\Z ijhkljZgkl\Z b \j_f_gb� <�q_l\_jluo� ijb \u[hj_ wlZehgZ \j_f_gb ij_^iheZ]Z_lky g_ba-
f_gghklv i_jbh^Z pbdeZ� G_kh\_jr_gkl\h `_ j_Zevguo wlZehgh\ y\ey_lky ijbqbghc bo aZf_gu� H^gZ-
dh ij_^iheh`_gb_ h[ b^_Zevghklb wlZehgZ nZdlbq_kdb hagZqZ_l h^ghjh^ghklv \j_f_gb ± i_jbh^ pbd-
ebq_kdh]h ijhp_kkZ hklZ_lky \k_]^Z h^gbf b l_f `_� D wlhfm k\hckl\m h^ghjh^ghklb \j_f_gb fu _s_

\_jg_fky�

BlZd� gZ ijbf_j_ \\_^_gby dhebq_kl\_ggh]h hibkZgby i_j_f_s_gby fZl_jbZevghc lhqdb fu

mklZgh\beb _]h l_kgmx k\yav kh k\hckl\Zfb ijhkljZgkl\Z b \j_f_gb� Ihwlhfm bamq_gb_ jZaebqguo

oZjZdl_jbklbd ^\b`_gby iha\hey_l jZa\b\Zlv b mlhqgylv nbabq_kdb_ ij_^klZ\e_gby h ijhkljZgkl\_ b

\j_f_gb�

< nbabd_ ih jy^m ijbqbg �g_lhqghklv b g_iheghlZ agZgbc b ^j�� rbjhdh bkihevamxlky f_lh-
^u bkke_^h\Zgbc� hlebqZxsb_ky hl nhjfZevguo fZl_fZlbq_kdbo jZkkm`^_gbc� < fZl_fZlbq_kdbo

jZkkm`^_gbyo dZ`^h_ aZdexq_gb_ ^he`gh kljh]h ke_^h\Zlv ba ij_^u^ms_c bgnhjfZpbb� < ijhlb\h-
iheh`ghklv wlhfm \ nbabq_kdbo jZkkm`^_gbyo� hkgh\Zgguo gZ h[jZs_gbb d hiulm� ijbf_gyxlky

ij_^eh`_gby� ]bihl_au b fh^_eb� Wlh dZkZ_lky b k\hckl\ ijhkljZgkl\Z b \j_f_gb� DZd m`_ hlf_qZ-
ehkv� ijb hibkZgbb fgh]bo nbabq_kdbo y\e_gbc fh`gh bkihevah\Zlv fh^_ev _\deb^h\h]h ijhkljZgkl-
\Z� ij_^klZ\e_gby h dhlhjhf \hagbdeb _s_ \ ]em[hdhc ^j_\ghklb� >Ze__� _keb qZku ^\b`mlky kh kdh-
jhklvx� fgh]h f_gvr_c kdhjhklb we_dljhfZ]gblgh]h baemq_gby \ \Zdmmf_� lh ba hiulZ ke_^m_l� qlh

bgl_j\Ze \j_f_gb� baf_jy_fuc k bo ihfhsvx� g_ aZ\bkbl hl kdhjhklb� Z lZd`_ b hl f_klhgZoh`^_gby

\ ijhkljZgkl\_� Ihwlhfm \ wlhf ijb[eb`_gbb fh`gh kqblZlv ijhkljZgkl\h b \j_fy� g_aZ\bkbfufb

^jm] hl ^jm]Z� ohly ba hij_^_e_gby ^\b`_gby fZl_jbZevghc lhqdb wlh g_ ke_^m_l�

< hij_^_e_gbb ^\b`_gby hljZ`_g hiulguc nZdl ± _]h hlghkbl_evghklv� Fu fh`_f jZkkfZl-
jb\Zlv ^\b`_gb_ \ jZaebqguo kbkl_fZo hlkq_lZ �kbkl_fZ dhhj^bgZl k qZkZfb�� Kj_^b fgh`_kl\Z jZa-
ebqguo kbkl_f hlkq_lZ \u^_eyxl deZkk bg_jpbZevguo kbkl_f� ^\b`msboky hlghkbl_evgh ^jm] ^jm]Z k

ihklhygghc kdhjhklvx V0 b \ dhlhjuo hibkZgb_ nbabq_kdbo ijhp_kkh\ \u]ey^bl gZb[he__ ijhklh�

?keb mq_klv g_h[oh^bfhklv kjZ\gb\Zlv j_amevlZlu wdki_jbf_glZevguo bkke_^h\Zgbc nbabq_kdbo y\-
e_gbc� lh ihy\ey_lky hq_\b^gh_ ij_^eh`_gb_ h[ h^bgZdh\hklb bo ijhl_dZgby \ jZaebqguo bg_jpbZev-
guo kbkl_fZo� Hiul k\b^_l_evkl\m_l h kijZ\_^eb\hklb wlh]h ij_^iheh`_gby� Hgh ij_^klZ\ey_l kh-
^_j`Zgb_ lZd gZau\Z_fh]h ijbgpbiZ hlghkbl_evghklb� BgZq_ ]h\hjy� k ihfhsvx ex[h]h nbabq_kdh]h

hiulZ g_evay hij_^_eblv� gZoh^blky eb kbkl_fZ hlkq_lZ \ ihdh_ beb \ khklhygbb jZ\ghf_jgh]h ^\b-
`_gby; jZ\ghf_jgh_ ^\b`_gb_ kbkl_fu g_ \eby_l gZ ijhp_kku� ijhbkoh^ysb_ \ g_c�

L_i_jv h[km^bf [he__ ih^jh[gh hibkZgb_ ^\b`_gby fZl_jbZevghc lhqdb \ jZaebqguo kbkl_-
fZo dhhj^bgZl� KgZqZeZ jZkkfhljbf \k_ \hafh`gu_ kbkl_fu� k\yaZggu_ lhevdh k h^gbf l_ehf� hlgh-
kbl_evgh dhlhjh]h ^\b`_lky fZl_jbZevgZy lhqdZ� Hq_\b^gh� qlh jZkklhygb_ f_`^m ^\mfy lhqdZfb

_\deb^h\h]h nbabq_kdh]h ijhkljZgkl\Z g_ ^he`gh aZ\bk_lv hl bkihevam_fhc kbkl_fu dhhj^bgZl� ?keb

jZkkfhlj_lv jZ^bmk�\_dlhj iheh`_gby fZl_jbZevghc lhqdb \ ^\mo kbkl_fZo dhhj^bgZl� lh h^ghagZq-
ghklv khhl\_lkl\by dhhj^bgZl b lhqdb nbabq_kdh]h ijhkljZgkl\Z lj_[m_l \uiheg_gby jZ\_gkl\Z

r (x′, y′, z′) = r (x, y, z). (2)
Wlh khhlghr_gb_ \ ^_dZjlh\uo ijyfhm]hevguo kbkl_fZo dhhj^bgZl aZibku\Z_lky \ \b^_

x′i′ + y′j ′ + z′k′ = xi + yj  + zk. (3)
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K ihfhsvx ihke_^h\Zl_evguo mfgh`_gbc wlh]h jZ\_gkl\Z gZ _^bgbqgu_ \_dlhju i′, j ′ b k′
beb i, j b k e_]dh ihemqblv k\yav dhhj^bgZl \ wlbo kbkl_fZo

x′ = xii ′ + yji ′ + zki ′,      y′ = xij ′ + yjj ′ + zkj ′,     z′ = xik ′ + yjk ′ + zkk ′, (4)
x = xi′i + yj ′i + zk′i,       y = xi′j  + yj ′j  + zj ′j ,       z = xi′k + yj ′k + zk′k. (5)

Hq_\b^gh� qlh ij_h[jZah\Zgby dhhj^bgZl �4� beb h[jZlgh_ ij_h[jZah\Zgb_ �5� \ujZ`Zxlky
q_j_a dhkbgmku khhl\_lkl\mxsbo m]eh\ f_`^m rljboh\Zggufb b g_rljboh\Zggufb _^bgbqgufb

\_dlhjZfb hk_c dhhj^bgZl�

< k\yab k ijb\_^_ggufb ij_h[jZah\Zgbyfb ^_dZjlh\uo ijyfhm]hevguo dhhj^bgZl k^_eZ_f

ke_^mxsb_ aZf_qZgby� ?^bgbqgu_ \_dlhju dhhj^bgZlguo hk_c fh`gh \u[jZlv \ \b^_ ijZ\hc beb

e_\hc ljh_d� H[uqgh ij_^ihql_gb_ hl^Zxl ijZ\uf ljhcdZf� Dhg_qgh� k lZdbf `_ mki_ohf fh`gh bk-
ihevah\Zlv b e_\u_ ljhcdb _^bgbqguo \_dlhjh\�

< rdhevghf dmjk_ nbabdb b \h fgh]bo dmjkZo ZgZeblbq_kdhc ]_hf_ljbb \_dlhju hij_^_eyxl-
ky dZd gZijZ\e_ggu_ hlj_adb b k khhl\_lkl\mxsbfb ebg_cgufb hi_jZpbyfb gZ^ gbfb� GZijbf_j�

jZ^bmk�\_dlhj _klv gZijZ\e_gguc hlj_ahd ba lhqdb ��� �� �� \ lhqdm �x, y, z�� LZdb_ ij_^klZ\e_gby h
\_dlhjZo ^hklZlhqgu� _keb h]jZgbqblvky _\deb^h\uf ijhkljZgkl\hf b ^_dZjlh\ufb dhhj^bgZlZfb� <

h[s_f `_ kemqZ_ jZ\_gkl\h �2� iha\hey_l \u[jZlv k\yav h[s_]h \b^Z f_`^m rljboh\Zggufb b g_-
rljboh\Zggufb dhhj^bgZlZfb

x′i = fi(x1, x2, x3),   x1 = x,   x2 = y,   x3 = z . (6)

Hlghkbl_evgh wlh]h h[s_]h ij_h[jZah\Zgby dhhj^bgZl jZ^bmk�\_dlhj m`_ g_ y\ey_lky \_dlh-
jhf� Ih^q_jdg_f� qlh j_qv b^_l h[ h^ghc b lhc `_ lhqd_ nbabq_kdh]h ijhkljZgkl\Z� G_aZ\bkbfuf hl

kbkl_fu dhhj^bgZl h[t_dlhf y\ey_lky [_kdhg_qgh fZeh_ kf_s_gb_ lhqdb ∆r � Ihwlhfm \ hkgh\m hij_-
^_e_gby \_dlhjZ iheh`_gh ij_h[jZah\Zgb_ [_kdhg_qgh fZeuo baf_g_gbc dhhj^bgZl� dhlhjh_ ke_^m_l

ba \ujZ`_gby ���� H^gZdh fu gZ wlhf hklZgZ\eb\Zlvky g_ [m^_f� K\yav `_ ^_dZjlh\uo ijyfhm]hev-
guo dhhj^bgZl h^ghc b lhc `_ lhqdb ij_^klZ\ey_lky ebg_cgufb nmgdpbyfb ��� beb ����

Djhf_ ijyfhm]hevguo dhhj^bgZl fh`gh hij_^_eblv fgh`_kl\h ^jm]bo ^_dZjlh\uo (Znnbg-
guo) dhhj^bgZl� _keb \hkihevah\Zlvky ihgylb_f ebg_cghc g_aZ\bkbfhklb \_dlhjh\� Ebg_cghc dhf[b-
gZpb_c n \_dlhjh\ gZau\Zxl kmffm a1b1 + a2b2 + … + anbn� ]^_ dhwnnbpb_glu a1, a2, …, an – ex[u_
\_s_kl\_ggu_ qbkeZ� >ey ebg_cgh g_aZ\bkbfuo \_dlhjh\ wlZ kmffZ h[jZsZ_lky \ gmev� _keb lhevdh

\k_ dhwnnbpb_glu jZ\gu gmex� < ijhlb\ghf kemqZ_ wlb \_dlhju [m^ml ebg_cgh aZ\bkbfufb� Bkihev-
ah\Zgb_ hij_^_e_gbc ebg_cghc aZ\bkbfhklb b g_aZ\bkbfhklb ^ey kemqZ_\ ^\mo� lj_o b q_luj_o \_dlh-
jh\ \ lj_of_jghf _\deb^h\hf ijhkljZgkl\_ ijb\h^bl d ke_^mxsbf j_amevlZlZf �qblZl_ev e_]dh fh-
`_l ijh\_jblv b ^hdZaZlv�. >\Z dheebg_Zjguo \_dlhjZ �\_dlhju gZ h^ghc ijyfhc beb iZjZee_evguo

ijyfuo� ebg_cgh aZ\bkbfu. ?keb \_dlhju g_dheebg_Zjgu_� lh hgb ebg_cgh g_aZ\bkbfu_� Ljb dhf-
ieZgZjguo \_dlhjZ �\_dlhju \ h^ghc beb iZjZee_evguo iehkdhklyo� \k_]^Z ebg_cgh aZ\bkbfu� Ljb

g_dhfieZgZjguo \_dlhjZ ebg_cgh g_aZ\bkbfu� Ex[u_ q_luj_ \_dlhjZ ebg_cgh aZ\bkbfu� LZdbf h[-
jZahf� ex[hc \_dlhj fh`_l [ulv ij_^klZ\e_g \ \b^_ ebg_cghc dhf[bgZpbb lj_o g_dhfieZgZjguo

\_dlhjh\� Dhwnnbpb_glu ebg_cghc dhf[bgZpbb gZau\Zxlky Znnbggufb dhhj^bgZlZfb \_dlhjZ� Z

kZfm ljhcdm g_dhfieZgZjguo \_dlhjh\ ± Znnbgguf [Zabkhf�

>_dZjlh\u ijyfhm]hevgu_ dhhj^bgZlu y\eyxlky gZb[he__ ijhklufb� < wlhf kemqZ_ d\Z^jZl

jZkklhygby f_`^m ^\mfy lhqdZfb ijhkljZgkl\Z \ujZ`Z_lky dZd kmffZ d\Z^jZlh\ g_ihkj_^kl\_ggh

baf_jy_fuo \_ebqbg �jZkklhygbc \^hev dhhj^bgZlguo hk_c�� < ^jm]bo kbkl_fZo dhhj^bgZl d\Z^jZlu

jZaghkl_c dhhj^bgZl fh]ml g_ bf_lv g_ihkj_^kl\_ggh]h nbabq_kdh]h kfukeZ �gZijbf_j� kn_jbq_kdb_�

pbebg^jbq_kdb_ b ^jm]b_ kbkl_fu dhhj^bgZl�� LZdb_ kbkl_fu dhhj^bgZl gZau\Zxl fZl_fZlbq_kdbfb�

\ hlebqb_ hl _\deb^h\uo beb nbabq_kdbo dhhj^bgZl� <klZ_l \hijhk� Z dZdb_ kbkl_fu dhhj^bgZl ^h-
imklbfu ^ey hibkZgby ^\b`_gby fZl_jbZevghc lhqdb \ _\deb^h\hf ijhkljZgkl\_� Hl\_l ijhklhc�

HibkZgb_ ^\b`_gby fZl_jbZevghc fh`gh hkms_kl\eylv k ihfhsvx ex[uo dhhj^bgZl �jZaebqguo

h^ghagZqguo khhl\_lkl\bc f_`^m ljhcdZfb \_s_kl\_gguo qbk_e b lhqdZfb nbabq_kdh]h ijhkljZgkl-
\Z�� ^ey dhlhjuo d\Z^jZl jZkklhygby iml_f aZf_gu dhhj^bgZl ��� ij_h[jZam_lky \ kmffm d\Z^jZlh\�

l�_� hklZ\ey_l g_baf_gghc l_hj_fm IbnZ]hjZ beb nmgdpbhgZevgmx k\yav d\Z^jZlZ jZkklhygby hl _\d-
eb^h\uo dhhj^bgZl �bg\ZjbZglghklv nhjfu�� BgZq_ ]h\hjy� _\deb^h\h ijhkljZgkl\h ^he`gh hklZ-
\Zlvky _\deb^h\uf� Ih wlhc ijbqbg_ \ _\deb^h\hf ijhkljZgkl\_ qZklh h]jZgbqb\Zxlky ebg_cgufb

ij_h[jZah\Zgbyfb ��� beb ��� _\deb^h\uo dhhj^bgZl� gZau\Z_fufb ih\hjhlZfb�

?keb `_ bkihevah\Zlv g_ebg_cgh_ ij_h[jZah\Zgb_ dhhj^bgZl ���� lh g_h[oh^bfh ijbgbfZlv

\h \gbfZgb_ baf_g_gb_ \_dlhjZ ijb _]h iZjZee_evghf i_j_ghk_ \ [_kdhg_qgh [ebadmx lhqdm \ djb\h-
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ebg_cguo dhhj^bgZlZo� Ijb wlhf [_kdhg_qgh fZeh_ baf_g_gb_ \_dlhjZ g_ [m^_l \_dlhjhf� Ihwlhfm

\\h^yl ihgylb_ [_kdhg_qgh fZeh]h dh\ZjbZglgh]h baf_g_gby \_dlhjZ� ij_h[jZamxs_]hky dZd \_dlhj

ijb g_ebg_cguo k\yayo dhhj^bgZl� >ey ijbf_jZ fh`gh ijb\_klb mjZ\g_gb_ ^\b`_gby fZl_jbZevghc

lhqdb k ihklhygghc kdhjhklvx� < ebg_cguo kbkl_fZo dhhj^bgZl hgh aZibku\Z_lky dZd ∆vi/∆t = 0� Z \
djb\hebg_cguo ± ∆v′i/∆t + =i

jkv′jv′k = 0 �ih ih\lhjyxsbfky bg^_dkZf ijh\h^blky kmffbjh\Zgb_ hl �

^h ��� ]^_ =i
jk = − (∆2x′i)/∆xm∆xn)(∆xm/∆x′j)(∆xn/∆x′k) gZau\Z_lky kbf\hehf Djbklhnn_ey� Wlh mkeh`g_-

gb_ ± Zj]mf_gl \ ihevam bkihevah\Zgby ebg_cguo ij_h[jZah\Zgbc dhhj^bgZl�

Hlghkbl_evgh ij_h[jZah\Zgbc dhhj^bgZl kms_kl\mxl ^\_ lhqdb aj_gby: Zdlb\gZy b iZkkb\-
gZy� < khhl\_lkl\bb k i_j\hc lhqdhc aj_gby \jZsZxl lhqdb beb \_dlhju ijhkljZgkl\Z� Z kh \lhjhc ±

dhhj^bgZlgu_ hkb� Djhf_ lh]h� kbkl_fu dhhj^bgZl fh]ml [ulv ijZ\ufb b e_\ufb� Z kZf ih\hjhl \h-
djm] hkb fh`gh ijhba\h^blv ih ijZ\hfm beb ih e_\hfm \bglm� I_j_oh^ hl ijZ\hc d e_\hc kbkl_f_

dhhj^bgZl fh`gh hkms_kl\blv iml_f baf_g_gby gZijZ\e_gbc \k_o dhhj^bgZlguo hk_c gZ ijhlb\hih-
eh`gu_ beb iml_f ij_h[jZah\Zgby dhhj^bgZl r ′ = − r  (P-ij_h[jZah\Zgb_). Ijb wlhf \jZs_gb_ ih ijZ-
\hfm \bglm klZgh\blky \jZs_gb_f ih e_\hfm \bglm b gZh[hjhl� Ijyfuf \uqbke_gb_f e_]dh ijh\_-
jblv� qlh l_hj_fZ IbnZ]hjZ ijb \k_o wlbo ij_h[jZah\Zgbyo hklZ_lky g_baf_gghc� Wlh fh`gh ijh^_-
fhgkljbjh\Zlv  bgZq_�

Imklv aZ^ZgZ hkv \jZs_gby ihkj_^kl\hf _^bgbqgh]h \_dlhjZ n� Ih\_jg_f jZ^bmk�\_dlhj r ih
ijZ\hfm \bglm \hdjm] wlhc hkb gZ m]he ϕ� Gh\h_ iheh`_gb_ lhqdb r ′ [m^_l hij_^_eylvky ke_^mxsbf
\ujZ`_gb_f (jZaeh`_gb_f wlh]h \_dlhjZ ih ljhcd_ g_dhfieZgZjguo \_dlhjh\�

r ′ = an + br  + c[n, r ], (7)
]^_ a = nr (r2 – r2cosϕ)/[r2 – (nr )2],  b = [r2cosϕ – (nr )2]/[r 2 – (nr )2],  c = sinϕ.
?keb \_dlhj r gZoh^blky \ iehkdhklb� i_ji_g^bdmeyjghc hkb \jZs_gby �nr = 0�� lh nhjfmeZ ��� mijh-
sZ_lky b ijbgbfZ_l \b^

r ′ = rcosϕ + [n, r ]sinϕ.  (8)
GZdhg_p� ijb [_kdhg_qgh fZehf m]e_ ih\hjhlZ wlZ k\yav dhhj^bgZl klZgh\blky lZdhc

r ′ = r  + [δϕϕ, r ], δϕϕ = nδϕ. (9)
Hq_\b^gh� qlh \jZs_gb_ \_dlhjZ� dZd b _]h hljZ`_gb_� g_ baf_gy_l _]h ^ebgu� l�_� jZkklhygb_

f_`^m ^\mfy lhqdZfb ijhkljZgkl\Z hklZ_lky g_baf_gguf�

L_i_jv h[km^bf ij_h[jZah\Zgby dhhj^bgZl ijb i_j_oh^_ hl h^ghc bg_jpbZevghc kbkl_fu dh-
hj^bgZl d ^jm]hc� Wlb kbkl_fu k\yaZgu k ^\mfy l_eZfb hlkq_lZ� ^\b`msbfbky ^jm] hlghkbl_evgh

^jm]Z k ihklhygghc kdhjhklvx V0� Ijhklh_ ]_hf_ljbq_kdh_ ihkljh_gb_ ^Z_l ke_^mxsmx nhjfmem ij_-
h[jZah\Zgby dhhj^bgZl

r ′ = r  + V0t. (10)

D nhjfme_ ���� gZ^h ^h[Z\blv k\yav \j_f_gb \ ^\mo bg_jpbZevguo kbkl_fZo dhhj^bgZl

t′ = t.  (11)
Ij_h[jZah\Zgby ���� ��� gZau\Zxlky ij_h[jZah\Zgbyfb =Zebe_y� Hgb hljZ`Zxl _\deb^h\ oZ-

jZdl_j ijhkljZgkl\Z b ij_^iheZ]Z_fmx g_aZ\bkbfhklv oh^Z qZkh\ hl kdhjhklb bo ^\b`_gby b f_klh-
gZoh`^_gby� Wlb ij_h[jZah\Zgby lZd`_ hklZ\eyxl g_baf_gguf d\Z^jZl jZkklhygby f_`m ^\mfy lhq-
dZfb ijhkljZgkl\Z�

< h[s_f kemqZ_ \jZs_gb_ b ij_h[jZah\Zgb_ dhhj^bgZl ���� fh]ml dhf[bgbjh\Zlvky� ?keb

h[hagZqblv \_dlhj� ihemq_gguc \ j_amevlZl_ \jZs_gby� dZd Cr � Z V0t = b� lh h[s__ ij_h[jZah\Zgb_
dhhj^bgZl �dhf[bgZpby ih\hjhlZ b ljZgkeypbb� \ _\deb^h\hf ijhkljZgkl\_ ij_^klZ\ey_lky \ \b^_

r ′ = Cr  + b. (12)

>ey dhebq_kl\_ggh]h hibkZgby ^\b`_gby fZl_jbZevghc lhqdb� dZd b ^jm]h]h nbabq_kdh]h

ijhp_kkZ� fh`gh bkihevah\Zlv ex[mx ^himklbfmx kbkl_fm dhhj^bgZl� Ih wlhc ijbqbg_ \ nbabd_ m^_-
ey_lky fgh]h \gbfZgby ij_h[jZah\Zgbyf nbabq_kdbo \_ebqbg ijb i_j_oh^_ ba h^ghc kbkl_fu dhhj-
^bgZl \ ^jm]mx� K lhqdb aj_gby ih\hjhlh\ \k_ nbabq_kdb_ \_ebqbgu h[eZ^Zxl hij_^_e_gguf aZdh-
ghf ij_h[jZah\Zgby ± eb[h l_gahju� eb[h kibghju� GZ gZqZevghf wlZi_ bamq_gby nbabdb h[uqgh

jZkkfZljb\Zxl lhevdh kdZeyjgu_ b \_dlhjgu_ \_ebqbgu �l_gahju gme_\h]h b i_j\h]h jZg]h\ khhl\_l-
kl\_ggh�� NZdlbq_kdb� l_gahjgu_ nbabq_kdb_ \_ebqbgu aZibku\Zxlky kjZam \h \k_o ^himklbfuo kbk-
l_fZo dhhj^bgZl� Wlh h[klhyl_evkl\h m`_ [ueh bkihevah\Zgh gZfb ijb gZibkZgbb khhlghr_gby ��� b

mklZgh\e_gby k\yab dhhj^bgZl jZ^bmk�\_dlhjZ \ ^\mo dhhj^bgZlguo kbkl_fZo ��� ��� AgZq_gby kdZeyj-
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guo \_ebqbg \hh[s_ g_ aZ\bkyl hl kbkl_fu dhhj^bgZl� Ijbf_jhf kdZeyjguo \_ebqbg fh]ml kem`blv

we_dljbq_kdbc aZjy^� l_fi_jZlmjZ b ^j�

Ih^\h^y ijhf_`mlhqguc blh] h[km`^_gby f_oZgbq_kdh]h ^\b`_gby� hlf_lbf� qlh ^\b`_gb_

fZl_jbZevghc lhqdb \ f_oZgbd_ GvxlhgZ jZkkfZljb\Z_lky dZd ^\b`_gb_ \ _\deb^h\hf ijhkljZgkl\_ b

Z[khexlghf� g_k\yaZgghf k ijhkljZgkl\hf� \j_f_gb�

J?EYLB<BKLKDH? ><B@?GB? F:L?JB:EVGHC LHQDB

>h kbo ihj fu h[km`^Zeb k\hckl\Z ijhkljZgkl\Z b \j_f_gb� bkoh^y ba ih\k_^g_\guo gZ[ex-
^_gbc aZ h[t_dlZfb� kdhjhklb dhlhjuo fZeu ih kjZ\g_gbx kh kdhjhklvx k\_lZ \ \Zdmmf_� L_i_jv ih-
iulZ_fky kgylv wlh h]jZgbq_gb_�

JZa\blb_ nbabq_kdhc gZmdb qZs_ \k_]h ijhbkoh^bl kh\k_f g_ lZd� dZd __ ihlhf baeZ]Zxl� <

[hevrbgkl\_ kemqZ_\ wlh hijZ\^Zgh� ihkdhevdm� \ dhg_qghf blh]_� __ p_evx y\ey_lky ihkljh_gb_ g_-
ijhlb\hj_qb\hc� kljhcghc kbkl_fu agZgbc h[ hdjm`Zxs_f fbj_� < ijhp_kk_ jZa\blby ij_^klZ\e_gbc

h[ wlhf fbj_ ijhbkoh^bl gZdhie_gb_ nZdlh\� bo kbkl_fZlbaZpby� hkfuke_gb_ b \ukljZb\Zgb_ \ \b^_

h[s_c dhgp_ipbb� H^gbf ba dhgp_ilmZevguo we_f_glh\ jZa\blby nbabdb _klv wdki_jbf_glZevgh_

bamq_gb_ nbabq_kdbo y\e_gbc b kjZ\g_gb_ j_amevlZlh\� ihemq_gguo jZagufb bkke_^h\Zl_eyfb� Fu

lZd`_� \ hkgh\ghf� g_ [m^_f ijb^_j`b\Zlvky ojhgheh]bb jZa\blby j_eylb\bkldhc f_oZgbdb b ihy\e_-
gby baf_g_gbc \ ij_^klZ\e_gbyo h ijhkljZgkl\_ b \j_f_gb�

L_f g_ f_g__� aZf_lbf� qlh _s_ \ ���� ]h^m >`� FZdk\_ee h[h[sbe wdki_jbf_glZevgu_ ^Zg-
gu_ ih \aZbfh^_ckl\bx aZjy^h\ b lhdh\ b kha^Ze _^bgmx l_hjbx we_dljbq_kdbo b fZ]gblguo y\e_-
gbc� <Z`guf ke_^kl\b_f mjZ\g_gbc FZdk\_eeZ klZeh kms_kl\h\Zgb_ we_dljhfZ]gblgh]h ihey \ \b^_

\heg� >h FZdk\_eeZ \hegu [ueb ba\_klgu lhevdh \ \_s_kl\_ �jZkijhkljZg_gb_ dhe_[Zgbc \ ]ZaZo�

`b^dhklyo b l\_j^uo l_eZo�� <hegh\h_ ^\b`_gb_� gZjy^m k ^\b`_gb_f l_e� y\ey_lky \Z`g_crbf nb-
abq_kdbf ihgylb_f� Ijhkl_crb_ \b^u \heg ± iehkdb_ b kn_jbq_kdb_ fhghojhfZlbq_kdb_ \hegu�

=eZ\gZy hkh[_gghklv \hegh\h]h ^\b`_gby − i_jbh^bqghklv \ ijhkljZgkl\_ �gZjy^m k i_jbh^bqghklvx

\h \j_f_gb�� IjhkljZgkl\_gguc i_jbh^ gZau\Z_lky ^ebghc \hegu� JZkijhkljZg_gb_ \hegu ij_^klZ\-
ey_lky \ \b^_ ^\b`_gby \hegh\h]h njhglZ ± fgh`_kl\Z ijhkljZgkl\_gguo lhq_d k h^bgZdh\hc nZahc�

Hij_^_e_gb_ ^\b`_gby lhqdb \hegh\h]h njhglZ nZdlbq_kdb gbq_f g_ hlebqZ_lky hl hij_^_e_gby

^\b`_gby fZl_jbZevghc lhqdb� KZf >`� FZdk\_ee kqblZe we_dljhfZ]gblgu_ \hegu ih^h[gh f_oZgb-
q_kdbf \hegZf� jZkijhkljZgyxsbfky \ fZl_jbZevghc kj_^_ − wnbj_ k g_h[oh^bfufb f_oZgbq_kdbfb

k\hckl\Zfb� H^gZdh \Z`gh ^jm]h_� k hldjulb_f mjZ\g_gbc FZdk\_eeZ b ihke_^mxsbf bo ZgZebahf

klZeh hq_\b^gh� qlh \aZbfh^_ckl\b_ we_dljbq_kdbo aZjy^h\ b lhdh\ jZkijhkljZgy_lky k dhg_qghc kdh-
jhklvx b k\_l lh`_ ij_^klZ\ey_l kh[hc we_dljhfZ]gblgu_ \hegu� <f_kl_ k l_f� \ mjZ\g_gbyo FZd-
k\_eeZ ijbkmlkl\h\Ze b “g_^hklZlhd” ± hgb hlebqZebkv \ jZaguo bg_jpbZevguo kbkl_fZo dhhj^bgZl�

k\yaZgguo ij_h[jZah\Zgb_f ���� ���� Ihke_^mxsbc ihqlb ljb^pZlbe_lgbc ZgZeba jZkijhkljZg_gby

k\_lZ ± we_dljhfZ]gblguo \heg \ jZaguo kbkl_fZo hlkq_lZ ijb\_e d mlhqg_gbyf ijhkljZgkl\_ggh�

\j_f_gguo ij_^klZ\e_gbc b ^hdZaZe kijZ\_^eb\hklv kZfbo mjZ\g_gbc FZdk\_eeZ�

Ih [hevrhfm kq_lm gbq_]h ijbgpbibZevgh]h g_ ijhbahreh� Ij_`^_ \k_]h� ijbrehkv \_jgmlv-
ky d fh^_eb ijhkljZgkl\Z b \j_f_gb� ke_^mxs_c ba hij_^_e_gby ^\b`_gby� Kh]eZkgh wlhc fh^_eb

ijhkljZgkl\h b \j_fy g_jZaju\gu b h[jZamxl dhglbgmmf ± _^bgh_ � f_jgh_ ijhkljZgkl\h�\j_fy� DZd

b \ ex[hf ijhkljZgkl\_� bagZqZevgh gm`gh hij_^_eblv jZkklhygb_ f_`^m ^\mfy lhqdZfb �fbjh\ufb

lhqdZfb beb kh[ulbyfb�� Hiul k\b^_l_evkl\m_l h lhf� qlh d\Z^jZl wlh]h jZkklhygby �bgl_j\Ze� \ ]Z-
ebe__\uo dhhj^bgZlZo bf__l ke_^mxsbc \b^

∆S2 = c2∆t2 − ∆x2 − ∆y2 − ∆z2, (13)
]^_ k ± dhgklZglZ k jZaf_jghklvx kdhjhklb� Nhjfmem ���� fh`gh jZkkfZljb\Zlv dZd ihklmiZl_evgh_

hij_^_e_gb_ f_ljbdb nbabq_kdh]h ijhkljZgkl\Z�\j_f_gb� IjhkljZgkl\h k lZdbf jZkklhygb_f f_`^m

lhqdZfb gZau\Z_lky ]Zebe__\uf beb ik_\^h_\deb^h\uf� IjbgpbibZevguf hlebqb_f ���� hl ��� y\ey-
_lky gZebqb_ agZdh\ fbgmk� ?keb [u \ ���� [ueZ [u kmffZ q_luj_o jZkklhygbc� fh^_ev ijhkljZgkl\Z�

\j_f_gb [ueZ [u � f_jghc� gh _\deb^h\hc� < khhl\_lkl\bb k hiulgufb nZdlZfb dhgklZglZ k hdZaZ-
eZkv jZ\ghc kdhjhklb k\_lZ \ \Zdmmf_ ���������� fk

−1
�� HgZ ij_^klZ\ey_l ij_^_evgmx kdhjhklv jZk-

ijhkljZg_gby ex[h]h nbabq_kdh]h kb]gZeZ�

Hq_gv qZklh k\hckl\Z ijhkljZgkl\Z b \j_f_gb k mq_lhf dhg_qghklb kdhjhklb jZkijhkljZg_gby

kb]gZeh\ baeZ]Zxl iml_f \\_^_gby ^\mo ihklmeZlh\ :� Wcgrl_cgZ� H^gZdh _keb ���� kqblZlv aZ ihklm-
eZl� lh gbdZdbo ^jm]bo ihklmeZlh\ m`_ g_ gm`gh� Z kZfh baeh`_gb_ klZgh\blky p_evguf b ijhkluf�

Keh`ghklv \hkijbylby � f_jgh]h ijhkljZgkl\Z�\j_f_gb� hij_^_ey_fh]h f_ljbdhc ����� h[m-
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keh\e_gZ knhjfbjh\Z\rbfbky gZ hkgh\_ ih\k_^g_\gh]h hiulZ ij_^klZ\e_gbyfb h ijhkljZgkl\_ b

\j_f_gb b� khhl\_lkl\_ggh� bkihevah\Zgb_f jZa^_evguo wlZehgh\ ^ey baf_j_gby jZkklhygbc b ijhf_-
`mldh\ \j_f_gb� A^_kv� ih�\b^bfhfm� mf_klgh gZihfgblv� qlh \ nbabd_ ijb ihy\e_gbb g_h[oh^bfhklb

\\_^_gby gh\uo ij_^klZ\e_gbc g_ ijbgylh jZajmrZlv \k_ ^h hkgh\Zgby� Z aZl_f aZgh\h \ha\h^blv gZ-
mqgh_ a^Zgb_� >ey lZdh]h jh^Z kljhbl_evkl\Z kms_kl\m_l ijbgpbi� kh]eZkgh dhlhjhfm \k_ gh\h_

^he`gh hj]Zgbqgh khq_lZlvky kh klZjuf� hkgh\Zgguf gZ hiul_� < wlhf kemqZ_ lj_of_jgh_ ijhkljZg-
kl\h ijh^he`Z_l hklZ\Zlvky _\deb^h\uf� gh k\yaZgguf kh \j_f_g_f� l�_� hl^_evgh ijhkljZgkl\_gguc

b \j_f_gghc bgl_j\Zeu mljZlbeb k\hc Z[khexlguc oZjZdl_j� dhlhjuc hgb bf_eb \ gvxlhgh\kdhc f_-
oZgbd_� L_i_jv kh]eZkgh ���� \ dZ`^hc lhqd_ ijhkljZgkl\Z g_h[oh^bfh bf_lv qZku� qlh[u fh`gh [u-
eh hij_^_eylv Z[khexlguc bgl_j\Ze f_`^m ex[ufb ^\mfy fbjh\ufb lhqdZfb� ?keb bagZqZevgh bk-
oh^blv ba ����� lh ijh[e_fu kbgojhgbaZpbb qZkh\ \ jZaguo ijhkljZgkl\_gguo lhqdZo g_l� :[khexl-
guc bgl_j\Ze fh`_l [ulv \j_f_gbih^h[guf �∆S2 > 0), ijhkljZgkl\_gghih^h[guf �∆S2 < 0� b k\_lh-
\uf �∆S2 = 0�� Ijbq_f wlh ^_e_gb_ g_ aZ\bkbl hl kbkl_fu dhhj^bgZl�

KZfh baf_j_gb_ jZkklhygbc b ijhf_`mldh\ \j_f_gb hklZ_lky lZdbf `_� dZd b \ f_oZgbd_

GvxlhgZ� Ijhf_`mlhd \j_f_gb baf_jy_lky k ihfhsvx qZkh\� Z jZkklhygb_ f_`^m g_ih^\b`gufb fZ-
l_jbZevgufb lhqdZfb ± h^gbf ba lj_o kihkh[h\: iml_f g_ihkj_^kl\_ggh]h gZeh`_gby fZkrlZ[ghc

ebg_cdb� ljbZg]meypbb �baf_j_gby jZkklhygbc b m]eh\� b ehdZpbb (baf_j_gby \j_f_gb f_`^m hlijZ\-
e_gb_f b \ha\jZlhf kb]gZeZ)� Baf_j_gb_ bgl_j\Zeh\ ���� fh`gh k\_klb d baf_j_gbx ijhf_`mldh\

\j_f_gb� l�_� k ihfhsvx lhevdh h^gh]h wlZehgZ�

>_ckl\bl_evgh� jZkkfhljbf kh[ulby kh \j_f_gbih^h[gufb bgl_j\ZeZfb �∆S2 > 0�� <u[_j_f
kbkl_fm dhhj^bgZl� \ dhlhjhc ∆l′2 = ∆x′2 + ∆y′2 + ∆z′2 = 0.< wlhc kbkl_f_ dhhj^bgZl kh[ulby ijhbkoh-
^yl \ h^ghc lhqd_ ijhkljZgkl\Z� Lh]^Z ∆S2 = c2∆t2 − ∆l2 = ∆S′2 = c2∆t′2. ?keb `_ bgl_j\Ze f_`^m kh[u-
lbyfb ± ijhkljZgkl\_gghih^h[guc �∆S2 < 0�� lh fh`gh \u[jZlv lZdmx kbkl_fm dhhj^bgZl� \ dhlhjhc

∆t′2 = 0 (h^gh\j_f_ggu_ kh[ulby� b ∆S2 = ∆S′2 = −∆l′2.
KemqZc bahljhigh]h bgl_j\ZeZ �∆S2 = c2∆t2 − ∆l2 = 0� khhl\_lkl\m_l jZkijhkljZg_gbx kb]gZeZ�

\_ebqbgZ kdhjhklb dhlhjh]h jZ\gZ ij_^_evghc kdhjhklb b g_ aZ\bkbl hl gZijZ\e_gby: v = ∆l/∆t = c.
Ihke_^g__ h[klhyl_evkl\h iha\hey_l bkihevah\Zlv we_dljhfZ]gblgu_ \hegu ^ey baf_j_gby jZkklhy-
gbc� ;he__ lh]h� k mq_lhf wlh]h nZdlZ \u[jZg kh\j_f_gguc wlZehg ^ebgu − f_lj ± jZkklhygb_� ijhoh-
^bfh_ k\_lhf \ \Zdmmf_ aZ ����������� ^hex k_dmg^u� LZdbf h[jZahf� baf_j_gb_ jZkklhygbc \ ijh-
kljZgkl\_ nZdlbq_kdb k\h^blky d baf_j_gbx ijhf_`mldh\ \j_f_gb� Ihwlhfm \ j_eylb\bklkdhc l_hjbb
jhev iZjZf_ljZ� hij_^_eyxs_]h baf_g_gb_ nbabq_kdbo \_ebqbg� b]jZ_l bgl_j\Ze f_`^m kh[ulbyfb�

Kdhjhklv wlh]h baf_g_gby _klv baf_g_gb_� ijboh^ys__ky gZ _^bgbpm bgl_j\ZeZ� < qZklghklb� q_lu-
j_of_jgZy kdhjhklv qZklbpu jZ\gZ ui = ∆xi/∆S� H^gZdh qZklh� ke_^my ljZ^bpbb� \ q_luj_of_jguo h[t-
_dlZo y\gh \u^_eyxl \j_f_ggmx b ijhkljZgkl\_ggmx khklZ\eyxsb_�

Ba bg\ZjbZglghklb bgl_j\ZeZ e_]dh lZd`_ gZclb k\yav f_`^m ijhf_`mldZfb \j_f_gb� ijh-
r_^rbfb f_`^m kh[ulbyfb� ih ^\b`msbfky qZkZf �∆t0� kh kdhjhklvx v b g_ih^\b`guf �∆t)

∆t0 = ∆t(1 – v2/c2)1/2. (14)

:gZeh]bqgh fh`gh ihemqblv nhjfmem ^ey k`Zlby ijh^hevghc ^ebgu ^\b`ms_]hky hlj_adZ �∆l)
kh kdhjhklvx v (^ebgZ \ ihdh_ − ∆l0)

∆l = ∆l0(1 – v2/c2)1/2. (15)

Dhebq_kl\_ggh_ hibkZgb_ nbabq_kdbo y\e_gbc qZklh nhjfmebjm_lky k ihfhsvx jZaebqguo

mjZ\g_gbc� \b^ dhlhjuo g_ aZ\bkbl hl gZqZevguo mkeh\bc �mjZ\g_gby GvxlhgZ� FZdk\_eeZ b l�^���

>ey lh]h qlh[u nbabq_kdb_ ijhp_kku fh`gh [ueh kjZ\gb\Zlv \ jZaebqguo jZ\ghijZ\guo kbkl_fZo

dhhj^bgZl� mjZ\g_gby b nmgdpbb� m^h\e_l\hjyxsb_ gbf� ^he`gu hklZ\Zlvky g_baf_ggufb� Dhg_qgh�

k nhjfZevghc lhqdb aj_gby wlh fh`gh b g_ ij_^iheZ]Zlv� Gh lh]^Z hibkZgb_ nbabq_kdbo y\e_gbc [u-
eh [u jZaguf \ wd\b\Ze_glguo kbkl_fZo dhhj^bgZl b klZgh\behkv qj_a\uqZcgh keh`guf� L_f g_ f_-
g__� g_l gbdZdbo aZij_lh\ gZ bkihevah\Zgb_ jZaguo ^himklbfuo kbkl_f hlkq_lZ� gZijbf_j� ^\b`m-
sboky k mkdhj_gb_f� H^gZdh fu� dZd b jZgvr_� h]jZgbqbfky jZkkfhlj_gb_f lhevdh bg_jpbZevguo

^himklbfuo kbkl_f dhhj^bgZl� HibkZgb_ nbabq_kdbo y\e_gbc \ wlbo kbkl_fZo [m^_l h^bgZdh\uf�

_keb ihlj_[h\Zlv lhevdh bg\ZjbZglghklv nhjfu bgl_j\ZeZ �����

Nhjfmem ���� m^h[gh i_j_ibkZlv \ lZdhf \b^_
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∆S2 = gik∆xi∆xk = g00∆x0 + g11∆x1 + g22∆x2 + g33∆x3.  (16)
H[t_dl gik k �� dhfihg_glZfb gZau\Zxl f_ljbq_kdbf l_gahjhf� Wlb dhfihg_glu l_gahjZ ^ey

nbabq_kdh]h ik_\^h_\deb^h\h]h ijhkljZgkl\Z jZ\gu: g00 = 1, g11 = g22 = g33 = −�� Z hklZevgu_ ^\_gZ-
^pZlv ± gmex� LZdmx f_ljbdm gZau\Zxl ^bZ]hgZevghc� H[uqgh ijb baeh`_gbb k\hckl\ ijhkljZgkl\Z�

\j_f_gb h]jZgbqb\Zxlky jZkkfhlj_gb_f � f_jguo kbkl_f dhhj^bgZl� ^ey dhlhjuo f_ljbdZ lhevdh

^bZ]hgZevgZy� DZd fu m`_ hlf_qZeb� lZdb_ dhhj^bgZlu gZau\Zxlky ]Zebe__\ufb� < wlbo dhhj^bgZlZo

bgl_j\Ze \ujZ`Z_lky q_j_a g_ihkj_^kl\_ggh baf_jbfu_ jZkklhygby� H^gZdh \hafh`gu dhhj^bgZlgu_

kbkl_fu h[s_]h oZjZdl_jZ� ^ey dhlhjuo f_ljbq_kdbc l_gahj g_ y\ey_lky ^bZ]hgZevguf� ?kl_kl\_ggh�

qlh ij_h[jZah\Zgb_f dhhj^bgZl lZdhc l_gahj fh`gh ijb\_klb d ^bZ]hgZevghfm \b^m ± ijhkljZgkl\h

hklZ_lky ik_\^h_\deb^h\uf� =eZ\gZy `_ hkh[_gghklv bgl_j\ZeZ ik_\^h_\deb^h\Z ijhkljZgkl\Z khklh-
bl \ lhf� qlh _]h \j_f_ggZy qZklv \oh^bl \ g_]h kh agZdhf iexk� Z ijhkljZgkl\_ggZy ± kh agZdhf fb-
gmk� Ihwlhfm ^ey ^himklbfuo dhhj^bgZlguo kbkl_f g_h[oh^bfh� qlh[u g00 > �� Z ijhkljZgkl\_ggZy

d\Z^jZlbqgZy nhjfZ [ueZ hljbpZl_evghc − gik∆xi∆xk < 0, i, k = 1, 2, 3.
<_jg_fky kgh\Z d ]Zebe__\uf kbkl_fZf dhhj^bgZl� Ij_h[jZah\Zgby lZdbo dhhj^bgZl� hklZ\-

eyxsbo nhjfbg\ZjbZglguf bgl_j\Ze ����� l�_� jZkklhygb_ f_`^m ^\mfy lhqdZfb \ � f_jghf ik_\^h-
_\deb^h\hf ijhkljZgkl\_� y\eyxlky ih\hjhlZfb b/beb ljZgkeypbyfb� Kj_^b gbo ijbkmlkl\mxl m`_

h[km`^_ggu_ ijhkljZgkl\_ggu_ ih\hjhlu� k^\b]b ijhkljZgkl\_gguo dhhj^bgZl b \j_f_gb� H^gZdh

ijb wlhf ihy\eyxlky gh\u_ ih\hjhlu �]bi_j[hebq_kdb_ ih\hjhlu�� aZljZ]b\Zxsb_ \j_fy b ijh-
kljZgkl\_ggu_ dhhj^bgZlu� Wlb ih\hjhlu ^Zxl k\yav dhhj^bgZl b \j_f_gb \ jZaguo ]Zebe__\uo

bg_jpbZevguo kbkl_fZo hlkq_lZ �ij_h[jZah\Zgb_ Ehj_gpZ� kdhjhklv V0 gZijZ\e_gZ \^hev hkb x′)

x′ = γ[x + V0t],  t′ = γ[t + V0x /c2], y′ = y, z′ = z, γ = 1/(1 – V0
2/c2)1/2.             (17)

< kemqZ_ ijhba\hevgh]h gZijZ\e_gby kdhjhklb wlh ij_h[jZah\Zgb_ bf__l \b^

r ′ = r  + (γ − 1)V0(V0r )/V0
2+ γV0t,  t′ = γ[t + V0r /c2].                        (17′)

Ke_^h\Zl_evgh� i_j_oh^ d ^jm]hc kbkl_f_ hlkq_lZ ± wlh \u[hj gh\uo dhhj^bgZl \ � f_jghf

ijhkljZgkl\_�\j_f_gb� ?s_ jZa hlf_lbf� qlh ^ey hibkZgby nbabq_kdbo y\e_gbc fh`gh ijbf_gylv

^himklbfu_ g_]Zebe__\u �h[h[s_ggu_� bg_jpbZevgu_ kbkl_fu dhhj^bgZl� Z lZd`_ b g_bg_jpbZevgu_

kbkl_fu hlkq_lZ� ?keb ij_^_evgmx kdhjhklv jZkijhkljZg_gby nbabq_kdbo kb]gZeh\ nhjfZevgh mklj_-
fblv d [_kdhg_qghklb �kdhjhklv ^\b`_gby fZl_jbZevghc lhqdb fgh]h f_gvr_ k�� lh k\yav f_`^m ijh-
kljZgkl\hf b \j_f_g_f jZaju\Z_lky� b bo k\hckl\Z ijbh[j_lZxl Z[khexlguc oZjZdl_j� Ijb wlhf ij_-
h[jZah\Zgby Ehj_gpZ i_j_oh^yl \ ij_h[jZah\Zgby =Zebe_y� Wlb k\hckl\Z fu m`_ h[km`^Zeb ijb jZk-
kfhlj_gbb g_j_eylb\bklkdh]h ^\b`_gby fZl_jbZevghc lhqdb�

BlZd� ijhl_dZgb_ nbabq_kdbo ijhp_kkh\ k mq_lhf dhg_qghklb kdhjhklb jZkijhkljZg_gby

\aZbfh^_ckl\bc ijhbkoh^bl \ ik_\^h_\deb^h\hf ijhkljZgkl\_�\j_f_gb k f_ljbdhc ����� Nhjfbg\Z-
jbZglghklv bgl_j\ZeZ hlghkbl_evgh jZaebqguo kbkl_f dhhj^bgZl ^_eZ_l h^bgZdh\uf bo l_q_gb_ \

khhl\_lkl\mxsbo ^himklbfuo kbkl_fZo dhhj^bgZl�

K lhqdb aj_gby ijbh[j_l_gguo gZ\udh\ b h[jZah\ fure_gby \ f_oZgbd_ GvxlhgZ j_eylb\b-
klkdh_ hibkZgb_ nbabq_kdbo ijhp_kkh\ \u]ey^bl [he__ keh`guf� Mkeh`g_gb_ ijhbkoh^bl ba�aZ �

f_jgh]h ijhkljZgkl\Z�\j_f_gb� L_i_jv ijboh^blky jZkkfZljb\Zlv ��\_dlhju (��l_gahju)� Djhf_ lh]h�
gm`gh jZaebqZlv dh\ZjbZglgu_ b dhgljZ\ZjbZglgu_ \_dlhju �l_gahju�� JZaebqb_ f_`^m gbfb fh`gh

ihgylv� _keb jZkkfhlj_lv� gZijbf_j� \_dlhj gZ iehkdhklb \ dhkhm]hevghc kbkl_f_ dhhj^bgZl� Dhhj^b-
gZlu wlh]h \_dlhjZ fh`gh aZ^Zlv ^\mfy kihkh[Zfb: k ihfhsvx ijh\_^_gby i_ji_g^bdmeyjh\ ba lhqdb

gZ dhhj^bgZlgu_ hkb beb iZjZee_evguo ijyfuo wlbf hkyf� ?kl_kl\_ggh� qlh hij_^_e_ggu_ lZdbf

h[jZahf dhhj^bgZlu ij_h[jZamxlky jZaebqguf kihkh[hf� H^gb dhhj^bgZlu fh`gh gZa\Zlv dh\Zjb-
Zglgufb� Z ^jm]b_ − dhgljZ\ZjbZglgufb; \ ijyfhm]hevghc ^_dZjlh\hc kbkl_f_ dhhj^bgZl jZaebqb_

f_`^m gbfb bkq_aZ_l� < ik_\^h_\deb^h\hf ijhkljZgkl\_ i_j_oh^ hl dhgljZ\ZjbZglguo �k \_jogbfb

bg^_dkZfb� d dh\ZjbZglguf �k gb`gbfb� ��\_dlhjZf beb h[jZlgh hkms_kl\ey_lky k ihfhsvx f_ljb-
q_kdh]h l_gahjZ ± gZ `Zj]hg_ ± himkdZgb_ beb ih^gylb_ dhhj^bgZlguo bg^_dkh\�

< dZq_kl\_ ijbf_jZ j_eylb\bklkdh]h hibkZgby ijb\_^_f mjZ\g_gb_ GvxlhgZ ^ey jZ\ghmkdh-
j_ggh]h ^\b`_gby fZl_jbZevghc lhqdb k mq_lhf dhg_qghc kdhjhklb jZkijhkljZg_gby \aZbfh^_ckl\by�

>ey wlhc p_eb gZ^h \\h^blv ��\_dlhju kdhjhklb� mkdhj_gby b kbeu� H^gZdh fu wlh]h ^_eZlv g_ [m^_f�

Z ihemqbf g_h[oh^bfh_ mjZ\g_gb_ gZ “iZevpZo” k khojZg_gb_f ijb\uqguo ^ey qblZl_ey lj_of_jguo

h[hagZq_gbc�
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< f_oZgbd_ GvxlhgZ mjZ\g_gb_ ^\b`_gby fZl_jbZevghc lhqdb ih^ ^_ckl\b_f ihklhygghc F
kbeu bf__l \b^

∆p/∆t = F.                                                                       (18)
I_j_oh^ d j_eylb\bklkdhfm mjZ\g_gbx fh`gh hkms_kl\blv iml_f ih^klZgh\db \ ��8� j_eylb-

\bklkdh]h \ujZ`_gby ^ey bfimevkZ qZklbpu k fZkkhc ihdhy m0

p = m0v/(1 – v2/c2)1/2.                                                     (19)
< j_amevlZl_ ihemqZ_f g_h[oh^bfh_ mjZ\g_gb_

m0∆[v/(1 – v2/c2)1/2]/∆t = F.                                            (20)
?keb \ wlhf mjZ\g_gbb ij_g_[j_qv qe_ghf v2/c2

� lh hgh i_j_oh^bl \ mjZ\g_gb_ ��8�� l�_� hib-
kZgb_ ^\b`_gby fZl_jbZevghc lhqdb ijb [_kdhg_qghc kdhjhklb jZkijhkljZg_gby \aZbfh^_ckl\by y\-
ey_lky ij_^_evguf kemqZ_f hibkZgby k dhg_qghc kdhjhklvx beb hibkZgby ^\b`_gby \ ik_\^h_\deb^h-
\hf ijhkljZgkl\_� K ihfhsvx fZl_fZlbq_kdbo fZgbimeypbc mjZ\g_gb_ �20� fh`gh i_j_ibkZlv bgZq_

m0∆v/∆t = [F – v(Fv)/c2](1 – v2/c2)1/2.   (21)
Wlh mjZ\g_gb_ hlebqZ_lky hl ���� l_f� qlh ijZ\Zy qZklv − kbeZ aZ\bkbl hl kdhjhklb qZklbpu�

Hq_\b^gh� qlh \ j_eylb\bklkdhc f_oZgbd_� \ hlebqb_ hl f_oZgbdb GvxlhgZ� m`_ g_evay ljZdlh\Zlv

kbem� dZd bf_xsmx oZjZdl_j ijbly`_gby beb hllZedb\Zgby�

Ba mjZ\g_gby ���� e_]dh ihemqblv k\yav f_`^m kdhjhklvx b mkdhj_gb_f� ?keb h[hagZqblv

F/m0 = a b kqblZlv kdhjhklv gme_\hc ijb t = �� lh

v = at/(1 + a2t2/c2)1/2.                                                           (22)
< k\hx hq_j_^v ���� iha\hey_l gZclb aZ\bkbfhklv hl \j_f_gb dhhj^bgZl fZl_jbZevghc lhqdb

ijb j_eylb\bklkdhf jZ\ghmkdhj_gghf ^\b`_gbb� Hkh[_ggh ijhklh wlZ aZ\bkbfhklv \u]ey^bl ijb

^\b`_gbb qZklbpu \^hev h^ghc ba hk_c dhhj^bgZl� gZijbf_j o� k gZqZevguf gme_\uf agZq_gb_f

x = (c2/a)[(1 + a2t2/c2)1/2 − 1].  (23)
GZdhg_p� k ihfhsvx nhjfme ���� b ���� fh`gh ihykgblv iZjZ^hdk qZkh\ ± hlklZ\Zgb_ ^\b-

`msboky qZkh\ ijb bo kjZ\g_gbb k ihdZaZgbyfb g_ih^\b`guo qZkh\ \ h^ghc lhqd_ ijhkljZgkl\Z� >ey

wlhc p_eb jZkkfhljbf ]Zebe__\m bg_jpbZevgmx kbkl_fm dhhj^bgZl� \ gZqZe_ dhlhjhc gZoh^ylky ^\h_

h^bgZdh\uo qZkh\� Imklv \ fhf_gl t = t′ = � h^gb qZku gZqbgZxl ^\b]Zlvky jZ\ghmkdhj_ggh \^hev hkb

o k \_ebqbghc mkdhj_gby Z� JZ\ghmkdhj_ggh_ ^\b`_gb_ ijh^he`Z_lky \ l_q_gb_ ijhf_`mldZ \j_f_gb

t1 ih ihdZaZgbyf i_j\uo g_ih^\b`guo qZkh\� AZ wlh \j_fy \_ebqbgZ kdhjhklb \lhjuo qZkh\ kh]eZkgh

���� ^hklb]g_l agZq_gby V = at1/(1 + a2t1
2/c2)1/2. >Ze__� \ l_q_gb_ hlj_adZ \j_f_gb W2 \lhju_ qZku imklv

^\b`mlky jZ\ghf_jgh� AZl_f hgb aZf_^eyxlky ^h gme_\hc kdhjhklb aZ \j_fy W1� Wlhl ijhp_kk ih\lhjy-
_lky \ h[jZlghf gZijZ\e_gbb� <lhju_ qZku \ha\jZsZxlky \ gZqZeh dhhj^bgZl b bo ihdZaZgby kjZ\gb-
\Zxlky k ihdZaZgbyfb i_j\uo g_ih^\b`guo qZkh\� KmffZjgh_ \j_fy ^\b`_gby \lhjuo qZkh\ [m^_l

khklZ\eylv ih ihdZaZgbyf g_ih^\b`guo b ^\b]Z\rboky qZkh\ khhl\_lkl\_ggh T = 4t1 + 2t2 b 7′ = 4t′1 +
2t′2.

Ijb ^\b`_gbb qZkh\ k ihklhygghc kdhjhklvx V k\yav ijhf_`mldh\ \j_f_gb t2 b W′2 hij_^_ey-
_lky \ujZ`_gb_f t′2 = t2(1 – V2/c2)1/2

\ khhl\_lkl\bb k nhjfmehc (14). K\yav `_ hlj_adh\ \j_f_gb t1 b

t′1 fh`gh mklZgh\blv� iheZ]Zy \ dZ`^uc fhf_gl \j_f_gb t mkdhj_ggh_ ^\b`_gb_ qZkh\ dZd ^\b`_gb_ k
ihklhygghc kdhjhklvx v(t) = at/(1 + a2t2/c2)1/2

� < wlhf kemqZ_ ^ey \ujZ`_gby [_kdhg_qgh fZeuo bgl_j-
\Zeh\ \j_f_gb ∆W b ∆t′1 ^jm] q_j_a ^jm]Z fh`gh kgh\Z bkihevah\Zlv nhjfmem ����: ∆t′1 = ∆t/(1 +
a2t2/c2)1/2

� Kmffbjh\Zgb_f �bgl_]jbjh\Zgb_f� wlh]h khhlghr_gby ih \j_f_gghfm bgl_j\Zem t1, ihemqZ-
_f g_h[oh^bfmx k\yav f_`^m ijhf_`mldZfb \j_f_gb: t′1 = [ct1(1 – V2/c2)1/2/2V]ln[(1 + V/c)/(1 – V/c)].
LZdbf h[jZahf� jZaghklv ihdZaZgbc ∆T = T′ − T ^\b]Z\rboky b g_ih^\b`guo qZkh\ fh`gh ij_^klZ-
\blv \ \b^_

∆T = 4t1{[c(1 – V2/c2)1/2/2V]ln[(1 + V/c)/(1 – V/c)] – 1} + 2t2[(1 – V2/c2)1/2 – 1]. (24)

Ijb ex[uo iheh`bl_evguo agZq_gbyo iZjZf_ljh\ V �beb a), t1 b t2 wlh \ujZ`_gb_ hljbpZ-
l_evgh� l�_� ^\b]Z\rb_ky qZku hlklZeb hl g_ih^\b`guo�

KjZ\g_gb_ ihdZaZgbc qZkh\ fh`gh hkms_kl\blv b \ g_bg_jpbZevghc kbkl_f_ dhhj^bgZl� k\y-
aZgghc kh \lhjufb qZkZfb� J_amevlZl hdZau\Z_lky l_f `_ kZfuf� Wlh hagZqZ_l� qlh hlklZ\Zgb_ qZkh\�

^\b]Z\rboky k mkdhj_gb_f hlghkbl_evgh bg_jpbZevguo qZkh\� g_ aZ\bkbl hl \u[hjZ kbkl_fu dhhj^b-
gZl b ghkbl Z[khexlguc oZjZdl_j�

Ij_^klZ\e_gbyf h ijhkljZgkl\_ b \j_f_gb k mq_lhf dhg_qghklb kdhjhklb jZkijhkljZg_gby \aZb-
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fh^_ckl\bc kdhjh bkihegblky klh e_l� Hgb [ueb ij_^eh`_gu \ jZ[hlZo \u^Zxsboky mq_guo =� Eh-
j_gpZ� :� Wcgrl_cgZ� :� ImZgdZj_ b =� Fbgdh\kdh]h� H^gZdh b ih k_c ^_gv� kms_kl\mxl djblbdb wlbo

ihgylbc� D kh`Ze_gbx� qZklh djblbdZ gZoh^blky gZ mjh\g_ \ukdZau\Zgby “wlh]h g_ fh`_l [ulv� ih-
kdhevdm lZd \hh[s_ g_ fh`_l [ulv” � < k\yab k wlbf nbabq_kdh_ hl^_e_gb_ Jhkkbckdhc ZdZ^_fbb gZmd

i_j_klZeh ^Z`_ j_Z]bjh\Zlv gZ djblbdm lZdh]h jh^Z� Dhg_qgh� wlh g_ hagZqZ_l� qlh deZkkbdb nbabq_-
kdhc gZmdb ijhlb\ djblbq_kdh]h ZgZebaZ l_o beb bguo nbabq_kdbo ihgylbc� Ijhklh wlb ij_^klZ\e_-
gby m`_ klhevdh jZa ih^\_j]Zebkv eh]bq_kdhc b wdki_jbf_glZevghc ijh\_jd_� qlh ^Z\gh jZkk_ygu \k_

khfg_gby; hgb klZeb� \ g_dhlhjhf jh^_� jmlbggufb ihgylbyfb�

Kh\j_f_ggu_ fhsgu_ mkdhjbl_eb g_evay kijh_dlbjh\Zlv b� l_f [he__� aZklZ\blv nmgdpbhgbjh-
\Zlv [_a mq_lZ dhg_qghklb kdhjhklb jZkijhkljZg_gby \aZbfh^_ckl\bc� Djhf_ lh]h� ieZgbjh\Zgb_ wdk-
i_jbf_glh\ ih jZkk_ygbx qZklbp gZ mkdhjbl_eyo hkgh\Zgh gZ ihgylbyo j_eylb\bklkdhc f_oZgbdb� >ey

wlbo p_e_c rbjhdh bkihevam_lky j_eylb\bklkdZy dbg_fZlbdZ� dhlhjZy y\ey_lky ijyfuf ke_^kl\b_f �

f_jguo ij_^klZ\e_gbc h ijhkljZgkl\_ b \j_f_gb b _]h ik_\^h_\deb^h\hc f_ljbdb� Ij_^ijbgbfZehkv

fgh]h ijh\_jhd wlbo ke_^kl\bc� < dZq_kl\_ h^gh]h ba oZjZdl_jguo ijbf_jh\ fh`gh mdZaZlv gZ j_ey-
lb\bklkdmx aZ\bkbfhklv \j_f_gb ijhe_lZ g_klZ[bevguo qZklbp hl kdhjhklb \ eZ[hjZlhjghc kbkl_f_

dhhj^bgZl� <j_fy `bagb g_klZ[bevghc qZklbpu \ k\yaZgghc k g_c kbkl_f_ dhhj^bgZl (∆t0) fh`gh jZk-
kfZljb\Zlv dZd qZku� ihdZaZgby dhlhjuo kjZ\gb\Zxlky k qZkZfb \ eZ[hjZlhjghc kbkl_f_ dhhj^bgZl

(∆t)� K\yav wlbo \j_f_g `bagb qZklbpu ij_djZkgh kh]eZkm_lky k nhjfmehc ����� ?kl_kl\_ggh� fh`gh

mdZaZlv b ^jm]b_ wdki_jbf_glu� k\b^_l_evkl\mxsb_ h ik_\^h_\deb^h\hf oZjZdl_j_ ijhkljZgkl\Z�

\j_f_gb�

L_f g_ f_g__� m djblbq_kdb gZkljh_ggh]h qblZl_ey fh`_l \hagbdgmlv \hijhk: ³Ihq_fm `_�

g_kfhljy gZ klhe_lg__ kms_kl\h\Zgb_ ij_^klZ\e_gbc h ik_\^h_\deb^h\hf ijhkljZgkl\_� \k_�lZdb gZ-
oh^ylky ijhlb\gbdb wlbo ihgylbc?³� Hl\_l fh`_l [ulv jZaguf� H^gZdh� ih gZr_fm fg_gbx� hl\_lblv

fh`gh ke_^mxsbf h[jZahf� <h�i_j\uo� gbdhfm g_ \ha[jZgy_lky \u^mfu\Zlv ihjho g_ih^fhdZ_fuc�

Dhg_qgh� ijb wlhf g_ ke_^m_l dZ`^uc jZa [_`Zlv b wlhl ihjho kmrblv� <h�\lhjuo� ijhlb\gbdb qZklh

\_^ml kihj \hdjm] ij_h[jZah\Zgbc =Zebe_y ���−���� Ijb wlhf j_qv b^_l h \hafh`ghklb bkihevah\Zgby

wlbo ij_h[jZah\Zgbc ^ey hibkZgby nbabq_kdbo y\e_gbc� Ih kms_kl\m� djblbdZ hkgh\ZgZ� kdhj__� gZ

g_^hjZamf_gbb�

DZd m`_ hlf_qZehkv� ljZ^bpbhggh_ baeh`_gb_ k\hckl\ ijhkljZgkl\Z b \j_f_gb k mq_lhf dh-
g_qghklb kdhjhklb jZkijhkljZg_gby \aZbfh^_ckl\bc hkgh\Zgh gZ ^\mo ihklmeZlZo :� Wcgrl_cgZ b gZ

ZgZeba_ hlghkbl_evghklb ijhkljZgkl\_gguo bgl_j\Zeh\ b \j_f_gguo ijhf_`mldh\� l�_� gZ \u\h^_

nhjfme ���−���� Hq_\b^gh� \ wlhf kemqZ_ jZkkfZljb\Zxlky g_ihkj_^kl\_ggh baf_jbfu_ dhhj^bgZlu

b \j_fy� l�_� nbabq_kdb_ beb ]Zebe__\u dhhj^bgZlu� Z g_]Zebe__\u kbkl_fu dhhj^bgZl h[uqgh g_

h[km`^Zxlky� Ihwlhfm� _keb \ ij_h[jZah\Zgbyo ���−��� kqblZlv nbabq_kdbfb dZd rljboh\Zggu_� lZd
b g_rljboh\Zggu_ dhhj^bgZlu� lh ^ey i_j_oh^Z d ^jm]bf ]Zebe__\uf dhhj^bgZlZf ij_h[jZah\Zgb_

(10−��� ijbf_gylv g_evay� Bo ZgZeh]hf \ lZdhc kblmZpbb y\ey_lky ij_h[jZah\Zgb_ Ehj_gpZ ����� H^-
gZdh _keb `_ ij_h[jZah\Zgb_ =Zebe_y jZkkfZljb\Zlv dZd i_j_oh^ hl ]Zebe__\uo d g_]Zebe__\uf dh-
hj^bgZlZf� lh gh\mx kbkl_fm dhhj^bgZl� ihemq_ggmx ij_h[jZah\Zgb_f ���−���� fh`gh bkihevah\Zlv
^ey hibkZgby nbabq_kdbo y\e_gbc�

Imklv ^ey hij_^_e_gghklb \ ij_h[jZah\Zgbyo ���−��� rljboh\Zggu_ dhhj^bgZlu y\eyxlky

g_]Zebe__\ufb� Lh]^Z� ih^klZ\eyy ���−11) (ijb kdhjhklb V0 \^hev hkb o′) \ ����� ihemqbf

∆S2 = c2[∆t′/γ + γV0∆x′/c2]2 − γ2∆x′2 − ∆y′2 − ∆z′2.                                           (25)

Wlh \ujZ`_gb_ ^ey bgl_j\ZeZ e_]dh k^_eZlv ^bZ]hgZevguf� >ey wlhc p_eb gZ^h \\_klb gh\h_

\j_fy − [t′/γ + γV0x′/c2] b gh\mx dhhj^bgZlm − γx′. Ke_^h\Zl_evgh� ij_h[jZah\Zgb_ =Zebe_y y\ey_lky
^himklbfuf� DklZlb� dhf[bgZpby wlbo ^\mo ij_h[jZah\Zgbc ^Z_l ij_h[jZah\Zgb_ Ehj_gpZ ± \lhjh_

ij_h[jZah\Zgb_ \gh\v \\h^bl ]Zebe__\u dhhj^bgZlu� < g_]Zebe__\uo kbkl_fZo dhhj^bgZl kdhjhklv

k\_lZ aZ\bkbl hl gZijZ\e_gby� g_ \k_]^Z fh`gh kbgojhgbabjh\Zlv qZku� H^gZdh \k_ wlh g_ y\ey_lky

ij_iylkl\b_f ^ey bo bkihevah\Zgby� I_j_oh^ hl h^ghc d ^jm]hc g_]Zebe__\hc bg_jpbZevghc kbkl_f_

dhhj^bgZl hkms_kl\ey_lky h[h[s_gguf ij_h[jZah\Zgb_f Ehj_gpZ [1]� ba dhlhjh]h ke_^m_l h[uqgh_
ij_h[jZah\Zgb_ Ehj_gpZ� kijZ\_^eb\h_ ^ey k\yab ]Zebe__\uo kbkl_f dhhj^bgZl� ?keb ijb wlhf g_h[-
oh^bfh bkihevah\Zlv g_ihkj_^kl\_ggh baf_jbfu_ nbabq_kdb_ \_ebqbgu� lh gZ^h k^_eZlv i_j_oh^ hl

g_]Zebe__\uo d ]Zebe__\uf nbabq_kdbf \_ebqbgZf� Wlhl i_j_oh^ hkms_kl\ey_lky k mq_lhf dhfih-
g_gl f_ljbq_kdh]h l_gahjZ�
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H>GHJH>GHKLV <J?F?GB B IJHKLJ:GKL<:� BAHLJHIBY IJHKLJ:GKL<:

H^ghjh^ghklv nbabq_kdh]h ijhkljZgkl\Z�\j_f_gb nZdlbq_kdb ke_^m_l ba _]h ihklmebjh\Zg-
ghc ik_\^h_\deb^h\hc f_ljbdb� Dhfihg_glu f_ljbq_kdh]h l_gahjZ g_ aZ\bkyl hl dhhj^bgZl fbjh\uo

lhq_d� Ijbq_f f_ljbdZ \ ex[hc qZklb nbabq_kdh]h ijhkljZgkl\Z�\j_f_gb \k_]^Z ^bZ]hgZevgZy� Ih

agZq_gbx bgl_j\ZeZ ���� g_evay hij_^_eblv d dZdhc qZklb ��ijhkljZgkl\Z hg hlghkblky� H^gZdh g_

ke_^m_l kf_rb\Zlv ^bZ]hgZevgmx f_ljbdm nbabq_kdh]h ��ijhkljZgkl\Z k f_ljbdhc kbkl_fu dhhj^b-
gZl� dhlhjZy fh`_l [ulv g_^bZ]hgZevghc� gh \k_]^Z ijb\h^bfhc d ^bZ]hgZevghfm \b^m� ?keb bkihev-
am_lky kbkl_fZ dhhj^bgZl� f_ljbq_kdbc l_gahj dhlhjhc g_ ijb\h^blky d ^bZ]hgZevghc nhjf_ ����� lh

wlh hagZqZ_l� qlh bkdmkkl\_ggh \\_^_gh ^jm]h_ ijhkljZgkl\h� ?kl_kl\_ggh� qlh lZdb_ kbkl_fu dhhj^b-
gZl bkihevah\Zlv g_evay� IjhkljZgkl\h \k_]^Z ^he`gh hklZ\Zlvky ik_\^h_\deb^h\uf� K wlhc lhqdb

aj_gby ^Z`_ baebrg_ lj_[h\Zlv bg\ZjbZglghklv nhjfu bgl_j\ZeZ ����� Ijb jZkkfhlj_gbb nbabq_-
kdbo ijhp_kkh\ \ ik_\^h_\deb^h\hf ijhkljZgkl\_ nhjfbg\ZjbZglghklv bgl_j\ZeZ nZdlbq_kdb \k_]^Z

bf__l f_klh�

H^ghjh^ghklv ik_\^h_\deb^h\h]h ijhkljZgkl\Z fh`gh jZkkfZljb\Zlv ih hl^_evghklb dZd h^-
ghjh^ghklv b bahljhighklv lj_of_jgh]h ijhkljZgkl\Z� lZd b h^ghjh^ghklv \j_f_gb� >_ckl\bl_evgh�

nhjfbg\ZjbZglghklv bgl_j\ZeZ ���� hlghkbl_evgh jZaebqguo kbkl_f dhhj^bgZl k\yaZgZ k ih\hjhlZfb

\ ik_\^h_\deb^h\hf ijhkljZgkl\_� dhlhju_ jZkiZ^Zxlky gZ ih\hjhlu b ljZgkeypbb \ lj_of_jghf

ijhkljZgkl\_� ljZgkeypbb \j_f_gb b ]bi_j[hebq_kdb_ ih\hjhlu� aZljZ]b\Zxsb_ \j_fy b lj_of_jgu_

dhhj^bgZlu� Wlh ljZdlm_lky dZd jZ\ghijZ\b_ lhq_d b gZijZ\e_gbc lj_of_jgh]h ijhkljZgkl\Z� lhq_d b

fhf_glh\ \j_f_gb b bg_jpbZevguo kbkl_f hlkq_lZ [2].
H^ghjh^ghklv \j_f_gb b ijhkljZgkl\Z ijb\h^bl d aZdhgZf khojZg_gby wg_j]bb b bfimevkZ� Z

bahljhiby ijhkljZgkl\Z ± m]eh\h]h fhf_glZ� H^gZdh k\hckl\Z h^ghjh^ghklb ijhkljZgkl\Z b \j_f_gb

bkihevamxlky b \ ^jm]hf Zki_dl_� Fu m`_ ih^q_jdb\Zeb hiulguc oZjZdl_j nbabq_kdbo aZdhgh\� Hib-
kZgb_ h^gbo b l_o `_ nbabq_kdbo y\e_gbc fh`_l hkms_kl\eylvky \ jZagh_ \j_fy b \ jZaguo f_klZo

ijhkljZgkl\Z� K\hckl\Z h^ghjh^ghklb ijhkljZgkl\Z b \j_f_gb iha\heyxl kjZ\gb\Zlv wlb wdki_jbf_g-
lZevgu_ j_amevlZlu�

A?JD:EVGU? KBKL?FU DHHJ>BG:L

Kbkl_fm dhhj^bgZl� ihemqZ_fmx k ihfhsvx ij_h[jZah\Zgby r ′ = −r , t′ = t� gZau\Zxl a_jdZev-
ghc� < g_c� dZd b \ a_jdZe_� ijZ\uc ih\hjhl aZf_gy_lky e_\uf b gZh[hjhl� Hq_\b^gh� qlh wlh ij_h[-
jZah\Zgb_ g_ f_gy_l bgl_j\Ze ����� Z lZd`_ ih hl^_evghklb jZkklhygb_ f_`^m lhqdZfb \ lj_of_jghf

ijhkljZgkl\_ b ijhf_`mlhd \j_f_gb� Ba ij_^u^ms_]h h[km`^_gby ke_^m_l� qlh nbabq_kdb_ ijhp_kku

^he`gu ijhl_dZlv h^bgZdh\uf h[jZahf \ h[hbo kbkl_fZo dhhj^bgZl� Wlh dZaZehkv klhev _kl_kl\_g-
guf� qlh _keb [u dlh�lh kdZaZe� qlh wlh g_ lZd� lh \jy^ eb k gbf klZeb h[km`^Zlv wlm l_fm� H^gZdh \

���� ]h^m wdki_jbf_glZevgh h[gZjm`beb� qlh wlb kbkl_fu dhhj^bgZl g_ jZ\ghijZ\gu� G_jZ\ghijZ\b_

ijhy\ey_lky g_ ^ey \k_o \aZbfh^_ckl\bc� Z lhevdh ^ey keZ[uo� ijbf_jhf dhlhjuo fh]ml kem`blv jZk-
iZ^u g_klZ[bevguo qZklbp� IjZ\^Z� klj_kkh\Zy kblmZpby \ nbabd_ ijh^he`Zehkv g_^he]h� DeZkkbdb

[ukljh \hkklZgh\beb jZ\ghijZ\b_� ij_^eh`b\ bkihevah\Zlv ^hihegbl_evgh aZjy^h\h_ ij_h[jZah\Zgb_

�K�� l�_� baf_gblv agZdb aZjy^h\ m qZklbp� =h\hjyl� qlh \u^Zxsbcky nbabd J� N_cgfZg� ihemqb\ h[

wlhf ba\_klb_� imklbeky lZgp_\Zlv� <hkklZgh\e_ggZy b^beeby ijh^he`ZeZkv ^h ���� ]h^Z� dh]^Z ijb

bkke_^h\Zgbb jZkiZ^Z g_cljZevguo D�f_ahgh\ \gh\v [ueh h[gZjm`_gh m`_ g_jZ\ghijZ\b_ dhhj^b-
gZlguo kbkl_f r ′ = −r , t′ = t, qZklbpZ�ZglbqZklbpZ� L_i_jv ^ey \hkklZgh\e_gby wd\b\Ze_glghklb wlbo
kbkl_f dhhj^bgZl gm`gh [ueh baf_gblv agZd m \j_f_gb: t′ = −W �L�ij_h[jZah\Zgb_)� Dhf[bgZpbx wlbo

lj_o ij_h[jZah\Zgbc ijbgylh gZau\Zlv KJL�ij_h[jZah\Zgb_f� >_lZevgh_ h[km`^_gb_ ijh[e_f KJL�

ij_h[jZah\Zgby \uoh^bl aZ jZfdb ^Zgghc klZlvb� Ih^q_jdg_f lhevdh� qlh g_h[oh^bfhklv dhf[bgbjh-
\Zlv K�� J� b L�ij_h[jZah\Zgb_ ijb i_j_oh^_ d a_jdZevghc kbkl_f_ dhhj^bgZl k\yaZgZ k gZebqb_f m

qZklbp baf_gyxsboky ijb wlhf nbabq_kdbo oZjZdl_jbklbd�

A:DEXQ?GB?

?keb ijbgylv \h \gbfZgb_ dhg_qghklv kdhjhklb jZkijhkljZg_gby nbabq_kdbo kb]gZeh\ b g_ mqb-
lu\Zlv \ebygb_ \_s_kl\Z b ihe_c gZ k\hckl\Z ijhkljZgkl\Z b \j_f_gb� lh nbabq_kdh_ ��ijhkljZgkl\h

fh`gh kqblZlv ik_\^h_\deb^h\uf k jZkklhygb_f f_`^m fbjh\ufb lhqdZfb� hij_^_ey_fuf nhjfmehc

����� Nbabq_kdb_ ijhp_kku ijhl_dZxl \ wlhf h^ghjh^ghf ijhkljZgkl\_�\j_f_gb� GbdZdbo ^hihegb-
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l_evguo ihklmeZlh\ ijb wlhf \\h^blv g_ gZ^h� Ijb kdhjhklyo qZklbp� fZeuo ih kjZ\g_gbx kh kdhjh-
klvx k\_lZ \ \Zdmmf_� lj_of_jgh_ _\deb^h\h ijhkljZgkl\h b \j_fy fh`gh ljZdlh\Zlv jZa^_evgh k Z[-
khexlguf agZq_gb_f ijhkljZgkl\_gguo b \j_f_gguo hlj_adh\�

< gZklhys__ \j_fy ijh^he`Zxlky ihbkdb gh\uo k\hckl\ ijhkljZgkl\Z b \j_f_gb� < qZklgh-
klb� \u^\b]Zxlky ]bihl_au kms_kl\h\Zgbb nmg^Zf_glZevghc ^ebgu� Ijb gZebqbb lZdhc ^ebgu ]h\h-
jblv h ijhkljZgkl\_gguo hlghr_gbyo gZ jZkklhygbyo� f_gvrbo wlhc ^ebgu� m`_ g_evay� JZkkfZljb-
\Zxlky lZd`_ jZaf_jghklb ijhkljZgkl\Z�\j_f_gb [hevr_ q_luj_o� “Ebrgb_” dhhj^bgZlu ijb h[uq-
guo mkeh\byo g_ ijhy\eyxlky �dhfiZdlbnbpbjmxlky�� Gh \k_ wlh e_`bl \g_ h[km`^Z_fhc l_fu�

Eb l _ j Z l m j Z

1. Eh]mgh\ :�:� Hkgh\u l_hjbb hlghkbl_evghklb� F�� F=M� ����� ± �14 k�
2. Nhd <�:� L_hjby ijhkljZgkl\Z� \j_f_gb b ly]hl_gby� F�� ����� ± ��� k�

Space, time and motion

V.I. Chizhikov, L.F. Dobro

Modern physical concept of space and time is discussed.


